DEL PEZZO SURFACES WITH DU VAL SINGULARITIES 



DIMITRA KOSTA 



Abstract. In this paper we show that del Pezzo surfaces of degree 1 with Du Val singular 
points of type 

A4, A4 + A4, A4 + A3, A4 + 2Ai, A4 + Ai, A3 + 4Ai, 
; As + 3Ai, 2A3 + 2Ai, A3 + 2Ai, A3 + Ai, 2A3, A3, 

' admit a Kahler-Einstein metric. Moreover we are going to compute global log canonical thresh- 

olds of del Pezzo surfaces of degree 1 with Du Val singularities, and of del Pezzo surfaces of 
Picard group Z with Du Val singularities. 

<: 

Q\ . 1. Introduction 

I A result of Demailly-Kollar has recently drawn a lot of attention to global log canonical 

thresholds of Fano varieties, which are algebraic counterparts of the a-invariant of Tian for 
i smooth Fano varieties (see [21 Appendix A]). At first, we are going to introduce some definitions 

' from singularity theory while more details could be found in the classical reference [6]. 

. Suppose that X is a normal variety and D = diDi is a Q-divisor on X such that Kx + D 

"j^ \ is Q-Cartier and let / : 1" ^ A be a birational morphism, where Y is normal. We can write 

Ky ^Qr{Kx + D) + Y,a{X,D,E)E . 

\ Definition 1.1. The discrepancy of the log pair (A, D) is the number 
^ ■ discrep(A, D) = inf^; {a{F^D,E)\E is exceptional divisor over A} . 

' The total discrepancy of the log pair (A, D) is the number 
0| totaldiscrep(A, D) = infe {a(F, is divisor over A} . 

^ ■ We say that the log pair Kx + D \s 

On . • Kawamata log terminal (or log terminal) iff totaldiscrep(A, D) > — 1 

^p. \ • log canonical iff discrep(A, D) > —1. 

.5^ \ Assume, now, that A is a variety with log terminal singularities, let Z C A be a closed 

^ ' subvariety and let D be an effective Q-Cartier Q-divisor on A. Then the number 

' 

' lct^(A, D) = sup {A E Q| the log pair (A, XD) is log canonical along Z} 

is called the log canonical threshold of D along Z and is a positive rational number. For Z = X 
we use the notation lct(A, D), instead of \ciz{X, D). 

lct(A, Z?) = sup {A G Q| the log pair (A, AD) is log canonical } . 

Suppose, moreover, that A is a Fano variety. 

Definition 1.2. The global log canonical threshold of A is the number 

lct(A) = inf {lct(A, Z))|D effective divisor on A such that D ~(q —Kx} ■ 

Another way to see the global log canonical threshold is to take the inf„ {lct„(A)}, where 

lct„(A) = inf i lct(A, -D)\D effective Q-divisor on A such that Del- nKxl 
n 
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In the case when X is a del Pezzo surface with Du Val singularities, such that Kj^ = 1 the 
number lcti(X) was computed in [12]. 

In particular, global log canonical thresholds are related to the existence of Kahler-Einstein 
metrics on Fano varieties, as we can see in the following result due to [3], [TU], [T^ . 

Theorem 1.3. Let X he an n-dimensional Fano variety with at most quotient singularities. 
The variety X has a Kdhler- Einstein metric if the inequality holds 
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lct(X) > . 

For the rest of this paper we are going to assume that X is a del Pezzo surface with at most 
Du Val singular point^. The problem of existence of Kahler-Einstein metrics on smooth del 
Pezzo surfaces was completely settled by Tian in [13] 

Moreover the following is due to [Ij. 

Theorem 1.4. Let X be a smooth del Pezzo surface. Then 
1/3 when X ^ Fi or i^^ G {7,9}, 
1/2 when X ^ x oi Kj^ e {5,6}, 



lct(X) 



2/3 when K]^ = i or X is a cubic surface in with an Eckardt point, 
3/4 when X is a cubic surface in without Eckardt points, 
3/4 when = 2 and | — Kx\ has a tacnodal curve, 
5/6 when = 2 and | — Kx\ has no tacnodal curves, 
1 and I — Kx\ has a cuspidal curve. 



5/6 when 

1 when Kx = 1 and | — Kx\ has no cuspidal curves. 

If now 5*3 C P'^ is a singular cubic surface with Du Val singularities and 5*3 admits a Kahler- 
Einstein metric, then according to [5] it can only have points of type Ai or A2. 

Moreover on a del Pezzo surface 5*2 of degree 2 with only Ai or A2 singularities a Kahler- 
Einstein metric exists due to [8j. In their method they consider 5*2 as a double cover of P^ 
and use a Kahler-Einstein metric on P^ to construct a Kahler-Einstein metric on 5*2. A del 
Pezzo surface Si of degree 1 can be realised as a double cover of the cone P(l,l,2), however 
P(l,l,2) does not admit a Kahler-Einstein metric. Thus one cannot apply the same idea to 
prove existence of a Kahler-Einstein metric on Si. 

Due to [1] we have the following. 

Theorem 1.5. Let X be a del Pezzo surface with only Du Val singularities only of type Ai or 
A2 such that = 1. Then 

' 1 when I — Kx\ does not have cuspidal curves, 

2/3 when | — Kx\ has a cuspidal curve C such that Sing(C) = A2, 

let fx) = 3/4 when | — Kx\ has a cuspidal curve C such that Sing(C) = Ai 

and no cuspidal curve C such that Sing(C) = A2, 

^ 5/6 in the remaining cases. 

By Theorem 1 1 . 5 1 and Theorem 11.31 we get that on every del Pezzo surface of degree 1 that has 
at most ordinary double points a Kahler-Einstein metric exists. 
The main purpose of this paper is to prove the following result. 

Theorem 1.6. Let X be a degree 1 del Pezzo surface having the following type of Du Val singular 
points: 

A4, A4 + A4, A4 + A3, A4 + 2Ai, A4 -h Ai, A3 4Ai, 
A3 + 3Ai, 2A3 + 2Ai, A3 + 2Ai, A3 + Ai, 2A3, A3 . 
Then X admits a Kahler-Einstein metric. 



AH varieties are assumed to be projective, normal and defined over C. 
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Furthermore from Table 1 to Table [6] we give a list of all global log canonical thresholds for 

• del Pezzo surfaces of degree 1 with Du Val singularities, 

• del Pezzo surfaces of Picard group Z with Du Val sing ularitiesH 

We see that Table together with Theorem 1 1 . 31 imply the existence of a Kahler-Einstein metric 
on every del Pezzo surface of degree 1 that has the singularities mentioned in Theorem ll.6[ 

Remark 1.7. In [H] and |13j the invariant am,2i^) was introduced. One can see that Oim,2{^) ^ 
lct{X) and am,2{X) goes to lct{X) as m goes to +oo. However it never reaches lct(X) if there 
are only finitely many Q-divisors D —Kx, such that lct{X) = lct{X, D). From the proofs of 
Lemma [321 Lemma [3. 71 and Theorem 1 1.5 1 it follows that this is exactly the case when lct{X) = | 



and X is a del Pezzo of degree 1 with Du Val singularities. It follows from [14j and [13j that a 

2 
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Kahler-Einstein metric exists on ci smooth, del Pgzzo surface X if cxm ^2{X) > |. It is expected 



that the same is true in case X is an orbifold del Pezzo surface. 

Therefore we expect to have the following result. 

Conjecture 1.8. Let X be a degree 1 del Pezzo surface having only Du Val singularities of type 
^n, for n < 6, then X admits a Kahler-Einstein metric. 

Apart from their connection to the existence of Kahler-Einstein metrics global log canonical 
thresholds have a birational application. For the following result we refer the reader to [llj and 

m- 

Theorem 1.9. Let V, V be two varieties and Z be a smooth curve. Suppose that there is a 
commutative diagram 

(1.10) V - - V 



Z — Z 

such that TT and n are fiat morphisms, and p is a birational map that induces an isomorphism 
(1.11) p\y^p:V\F^V\F, 

where F and F are scheme fibers of vr and tt over a point O £ Z, respectively. Suppose that 

• the varieties V and V have terminal Q-factorial singularities, 

• the divisors —Ky and —Ky are n-ample and it-ample, respectively, 

• the fibers F and F are irreducible. 

Then p is an isomorphism if one of the following conditions hold: 

• the varieties F and F have log terminal singularities, and lct(i^) -|- \ct[F) > 1; 

• the variety F has log terminal singularities, and lct(-F) ^ 1. 

2. Preliminaries 

Let X be a del Pezzo surface with Du Val singularities. Assume that the global log canonical 
threshold is 

lct(X) < u; < 1 , 

where w is a positive rational number such that uj < This means that there is an effective 

Q-divisor D, with D —Kx, such that the log pair [X,\D) is not log canonical for some 
rational number A < a; < 1. 



Remark 2.1. Suppose that Z is an effective Q-divisor on X such that {X,XZ) is log canonical 
and Z ~Q —Kx- Then if {X, XD) not log canonical also the pair 

(X,^—(XD-aXZ)) 
1 — a 

is not log canonical, where q € Q such that < a < 1. 



^Global log canonical thresholds of cubic surfaces with Du Val singularities were computed in [2] and 
lct(P(l,l,2)) = i (see 
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Denote now by LCS(X, XD) the locus of log canonical singularities, that is the set of all 
points of X where the pair {X, XD) is not Kawamata log terminal. The following Connectedness 
Theorem can be found in [7J (Ch.l7). 

Theorem 2.2. If —{Kx + XD) is ample, then the log canonical locus LCS{X, XD) is connected. 

From the way log canonicity is defined for the log pair {X,XD), one should understand all 
resolutions of singularities of the log pair (X,XD). However instead we will use the following 
condition on multiplicity that follows from [9] (4.5). 

Remark 2.3. For a smooth point P of the surface X the condition that the pair (X, XD) is not 
log canonical implies that multpD > 1 . 

The following Lemma is going to be a key ingredient of the proof of Theorem 11.61 

Lemma 2.4. The pair (X, XD) is log canonical everywhere except for a Du Val singular point 
P, where (X, XD) is not log canonical. 

Proof. By Theorem 12.21 the log canonical locus LCS(X, AD) is connected, since 

-{Kx + XD) ~Q -{i-X)Kx 

is ample. Suppose now that there is an irreducible curve C on the surface X, such that C C 
LCS(X, XD). Then C G Supp(D) and we can write D = mC + $7, where m is a rational number 
mX > 1 and is an effective Q-divisor such that C Supp(r2). 
But then Remark 12.31 implies that 

Kl = D- {-Kx) = mC • i-Kx) + ^ • {-Kx) > mC • {-Kx) > \degC > i > k| , 

which is a contradiction. Therefore the log canonical locus is zero-dimensional and there is a 
point P £ D where the log pair {X, XD) is not log canonical. Moreover we can assume that P 
is not a smooth point of X. This follows from [IJ, where the case of smooth del Pezzo surfaces 
is treated. 

□ 

The following theorem is known as adjunction or inversion of adjunction ( [Z] ). 

Theorem 2.5. Let X be normal and S C X be an irreducible Cartier divisor. Let B be an 
effective Q-Cartier (J-divisor and assume that Kx + S + B is <Q-Cartier and S is Kawamata log 
terminal such that S % SuppB. Then 

{X,S + B) is log canonical near S <^=^ {S,B\S) is log canonical. 

Throughout this paper we are going to refer to Theorem 12.51 simplv as adjunction. 

3. Del Pezzo surfaces of degree 1 with exactly one Du Val singularity 

All possible combinations of Du Val singularities on a del Pezzo surface of degree 1 are given 
in [15]. 

3.1. Del Pezzo surfaces of degree 1 with exactly one A3 type singularity. In this section 
we will prove the following. 

Lemma 3.1. Let X be a del Pezzo surface with exactly one Du Val singularity of type A3 and 
K^ = 1. Then the global log canonical threshold of X is 

lct(X) = 1 . 

Proof. Let Z be the unique curve in the linear system | — that contains P, where P is the Du 
Val singular point of type A3. We take the minimal resolution tt : X — > X of X, that contracts 
the exceptional curves Ei, i?2; -E's to the singular point P. The following diagram shows how the 
exceptional curves intersect each other. 



A3 ^E2 
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Then 

Z ~Q — El — E2 — Es ■ 

Suppose that \ci{X) < \cii{X) = 1, then there exists an effective Q-divisor D ^ X such that 
E> ~Q —Kx and the log pair {X, XD) is not log canonical, where A < 1. According to Lemma [2.4l 
the pair (X, AD) is log canonical everywhere except for a singular point P X, at which point 
{X, XD) is not log canonical. Since the curve Z is irreducible we may assume that the support 
of D does not contain Z. Then 



D ~Q 7r*(D) — aiEi — 02-^2 — a^E^, 



and from the inequalities 



0<D 


• Z = 


1 - 


ai - as 


0<Ei- 


D = 


2ai 


— a2 


< ^2 • 


D = 


2a2 


-01-03 


0<^3' 


D = 


203 


- 02 



we see that 



2ai > a2 , -a2 > 03 and 203 > 02 , -02 > oi • 



Moreover we get the following upper bounds oi < |, 02 < 1, 03 < | • The equivalence 

K^ + XD + XaiEi + Aa2£;2 + Xa^E-s ~q tt*{Kx + XD) 

implies that there is a point Q E Ei[JE2UE3 such that the pair Kj^+XD+XaiEi+Xa2E2+Xa3Es 
is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

K^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei . 

By adjunction (Ei, XD\ei) is not log canonical at Q and 

4 2 ~ / ~ \ 1 

-ai > 2ai - -ai > 2ai - a2 = D ■ Ei > multg (D-Ei]>->1, 

00 V / A 

which is false. 

• If Q G £^2 but Q £^1 U E3 then 

K^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2, since Aa2 < 1 . 
By adjunction {E2, XD\e2) is not log canonical at Q and 

2a2 - y - y > 2o2 - ai - as = ^ • ^2 > multg^^ • £;2) > ^ > 1 , 

which is false. 

• If Q G El n E2 then the log pair 

Kj^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + El + Xa2E2 and + XD + XaiEi + E2 . 
By adjunction it follows that 

2ai - a2 = D ■ El > multg (^D\ei^ = multg (^D ■ Ei^ > 1 - 02 

and 



2a2 — ai — as = D ■ E2 > multg [D\e2 ) = rnultg ( L> • £"2 ) > 1 — ai 
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which imphes that 



a2 2 
2a2 — > 2a2 - 03 > 1 => 02 > - 



Consider now the blow-up cii : Xi — > X of the surface X at the point Q that contracts 
the (— l)-curve Fi to the point Q. Then for the strict transforms of the exceptional divisors 
Ei,E2, -E3 we have 

El ~Q al{Ei)-Fi 

E2 ~Q (7l{E2) — Fi 

E3 (tKE^) . 

Let now 

be the composition tti = tt o cti . We have 

~Q + ~QC7t(7r*(i^x)) + i^i -Q7rt(Kx) + i=^i 

and 

L>i ~Q aliD)-miFl 

~Q cr*(7r*(i:)) - oi^i - a2£^2 - ds^^a) - rniFi 
~Q 7r*(D) — oi^i - a2£'2 — 03-^3 - (ai + 02 + mi)Fi , 
where mi = multg-D. Also the strict transform of the anticanonical curve Z is 

Zi ~(Q crl{Z) 

~Q c7^(7r*(Z)-£;i-£;2-£^3) 
~Q 7r^(Z) -^1 -E2 -^3 -2Fi . 

Prom the inequalities 

0<Di- Zi = 1-01-03 
< El ■ Di = 2ai — 02 — mi 
< E2 • Di = 2a2 — ai — 03 — mi 
< ^3 • Lli = 203 - 02 
< Fi • ^1 = mi 
we get that mi < ^. The equivalence 

Kjj-^ + XDi + XaiEi + Aa2F2 + Aaa^a + (A(ai + 02 + mi) - l)Fi ~q ttHKx + XD) 
implies that there is a point Qi £ Fi sTich that the pair 

Kj^^ + XDi + XaiEi + Xa2E2 + (A(ai + 02 + mi) - l)Fi 
is not log canonical at Qi. 

(i) Suppose Qi € Eld Fi, then the log pair 

Kj^^ + XDi + Aoi^i + (A(ai + 02 + mi) - l)Fi 
is not log canonical at Qi and so are the pairs 

Kj^^ + XDi + Ei + (A(ai + 02 + mi) - l)Fi 

and 

Kj^^ + XDi + Aai^i + Fi . 
By adjunction it follows that 

2ai — 02 — mi = Di ■ El > multg^ (^Di ■ Ei^ > 1 — ai — 02 — mi + 1 , 

and 

mi = ^1 • Fi > multQi (^1 • Fi) > 1 - ai , 



which is false. 

(ii) Suppose Qi G Fi\{Ei U E2) then the log pair 

K-^^ + XDi + (A(ai + 02 + mi) - l)Fi 
is not log canonical at Qi and so is the pair 

Kj^^ + XDi + Fi , since < A(ai + 02 + mi) - 1 < 1 
By adjunction it follows that 

mi = ^1 • Fi > multg, (i)i • Fi) > 1 , 

which is impossible since mi < |. 

(iii) Suppose Qi G ^2 n Fi then the log pair 

K<^^ + XDi + Xa2E2 + (A(ai + 02 + mi) - l)Fi 
is not log terminal at Qi and so are the pairs 

K^^ + XDi + E2 + (A(ai + 02 + mi) - l)Fi 

and 

Kj^^ + AL>i + Aa2F2 + Fi . 
By adjunction it follows that 

2a2 — ai — 03 — mi = Di ■ E2 > multg^ ^^1 • E2^ > 1 — ai — 02 — mi + 1 

and 

mi = ^1 • Fi > multQi (^Di • Fi) > 1 - 02 , 

which imply that 

3a2 — ^ > 3a2 - 03 > 2 ^ 02 > ^ . 

Consider now the blow-up a2 ■ X2 ^ Xi of the surface Xi at the point Qi that contracts the 
(— l)-curve F2 to the point Q\. We then have 

~Q 7r^(i^x) + Fi + 2F2 
F>2 ~Q 7r2(-D) - oiFi - a2F2 - a3F3 - (ai + 02 + mi)Fi - (ai + 2a2 + mi + m2)F2 
Z2 ~Q 7r;(Z)-Fi-F2-F3-2Fi-3F2 , 

and 

< F'2 • -^2 = 1 - ai — 03 

< El ■ D2 = 2ai — 02 — mi 

< E2 • D2 = 2a2 — ai — 03 — mi — m2 

0<Ei-D2 = 203 - 02 

< Fi • 1)2 = mi — m2 

< F2 • 1)2 = m2 , 

where m2 = multQ^l)2- 
Because of the equivalence 

Tr^{Kx + XD) ~Q 

K^^ + XD2 + XaiEi + Aa2F2 + Aa3F3 + (A(ai + 02 + mi) - l)Fi + (A(ai + 2a2 + mi + m2) - 2)F2 
there is a point Q2 G F2 such that the pair 
K-^^ + XD2 + AaiFi + Aa2F2 + AasFg + (A(ai + 02 + mi) - l)Fi + (A(ai + 2a2 + mi + m2) - 2)F2 
is not log canonical at Q2- 



• Suppose Q2 & F2 n Fi, then the log pair 

(X2, \D2 + (A(ai + 02 + mi) - l)Fi + (A(ai + 2a2 + mi + m2) - 2)^2) 
is not log canonical at Q2 and so are the log pairs 

K^^ + XD2 + Fi + (A(ai + 2a2 + mi + m2) - 2)^2 

and 

K^^ + XD2 + (A(ai + 02 + mi) - l)Fi + F2 . 
By adjunction it follows that 

mi - 1712 = D2 ■ Fi > multQ2 {£'2 ■ fA > 1 - (ai + 2a2 + mi + m2 - 2) 



and 

1712 = D2- F2> multQj (j^2 ■ F2^ 1 - (ai + 02 + mi - 1) , 

which is false. 

• Suppose O G F2\{Fi U E2), then the log pair 

K^,^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 
is not log canonical at Q2 and so is the log pair 

Kj^^ + A-D2 + F2 , since A(ai + 2a2 + mi + m2) — 2 < 1 . 
By adjunction it follows that 

1712 = D2-F2> multQj ^£»2 • F2^ > 1 , 

which is false. 

• Suppose Q2 & F2D E2, then the log pair 

K^^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 + Aa2£;2 
is not log canonical at Q2 and so are the log pairs 

Kj^^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 + E2 

and 

Kj^^ + XD2 + F2 + Xa2E2 . 
By adjunction it follows that 

2a2 - ai — 03 - mi - m2 = -D2 • ^2 > multgj {1)2 ■ > 1 - (ai + 2a2 + mi + m2 — 2) 
and 

1712 = D2- F2> multQ2 [d2 ■ -F2) > 1 - a2, 
which implies that 

4a2 — ^> 4a2 - 03 > 3 02 > ^ . 

Consider now the blow-up ak : Xk X^-i of the surface X^-i at the point Qk-i that 
contracts the (— l)-curve Fk to the point Qk-i- We then have 

~Q 7tI{Kx) + Fi + 2F2+3F3 + ... + ik-l)Fk-i + kFk 
F>k ~Q T^kiF)) - aiEi - a2E2 - a^E^ - (ai + 02 + mi)Fi - (ai + 2a2 + mi + m2)F2 - ... 

- (ai + {k - 1)02 + mi + m2 + .. + m^-i) Fk-i - (ai + ka2 + mi + m2 + .. + m^) Fk 
Zk ^*k{Z) -E1-E2-E3- 2Fi - 3F2 - ... - kFk-i -ik + l)Fk , 



and 



< Dk- Zk = 1 - ai - as 

< £^1 • = 2ai — 02 — TOi 

< E2- Dk = 2a2 - ai - as — mi — m2 - ... — 

0<^i-£)jfc = 2a3-a2 

< Fi ■ Dk = mi — 1712 

< F2- Dk = 1712-1713 



< Fk-1 ■ Dk = nik-i - ruk 

< Fk- Dk = ruk , 

where = m.nltQ^_-^D^ , for i = 1, ...,k. 
Because of the equivalence 

7r*k{Kx + AD) ~Q 

K^^ + XDk + XaiEi + Aa2-E2 + Xa^E^ + (A(ai + 02 + mi) - l)Fi 

+(A(ai + 2a2 + mi + m2) - 2)^2 + 

+ (A(ai + {k — l)a2 + mi + m2 + ... + m^-i) - {k - 1)) Fk-i + 
+ (A(ai + ka2 + mi + m2 + ... + m^) — A;) Fk 

there is a point Qk G Fk such that the pair 

K^^ + XDk + Aa2£^2 + (A(ai + {k - 1)02 + mi + m2 + ... + mfc_i) - {k - 1)) Fk^i 

+ (A(ai + ka2 + mi + m2 + ... + rrik) - k) Fk 

is not log canonical at Qk- 

• Suppose Qk £ Fk n Fk-i, then the log pair 

K^^ + XDk + (A(ai + {k- 1)02 + mi + m2 + ... + mfc_i) - (A; - 1)) Ffc-i 

+ (A(ai + ka2 + mi + m2 + ... + m^) - k) Fk 
is not log canonical at Q2 and so are the log pairs 

Kj^^ + XDk + Fk-i + (A(ai + ka2 + mi + m2 + ... + m^) - A) Fk 

and 

if^^ + AL>fe + (A(ai + {k- 1)02 + mi + m2 + ... + mfe-i) - (A; - 1)) Fk-i + Fk . 
By adjunction it follows that 

mjk_i -mk = Dk- Fk-i > multg^ [Dk ■ -Ffc-i) > 1 - (oi + ka2 + mi + m2 + ... + m^ - A;), 
which is a contradiction. Indeed from the inequality above we have that 

ai + Aa2 + mi + m2 + ... + mk-2 + ^rrik-i > A + 1 
but since mi > m2 > ... > m^ wc get that 

ai + ka2 + kmi > k + 1 . 
However the inequality < £^1 • Dk = 2ai — 02 — mi finally gives us 

k 2k 
(2k + l)ai > A; + 1 ^ 03 < ^^qjy ^ 02 < 2a3 < ^^^-y . 
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• Suppose Qk G Fk\{Fk-i UE2), then the log pair 

Kj^^ + XDk + (A(ai + ka2 + mi + m2 + ■■■ + m^) - A;) 
is not log canonical at and so is the log pair 

Kj^^ + XDk + Fk , since (A(ai + ka2 + mi + 1712 + ■■■ + mu) -k) <l . 
By adjunction it follows that 

rrik = Dk ■ Fk > multg^. (^Dk • F^^ > 1 , 
which is false, since ^ > mi > m2 > ••• > mk- 

• Suppose Qfc G -Ffc n £^2, then the log pair 

Kj^^ + XDk + (A(ai + ka2 + mi + m2 + ... + mk) - k) Fk + Aa2-E'2 
is not log canonical at Q^. and so are the log pairs 

Kj^^ + XDk + (A(ai + ka2 + mi + m2 + ... + m^) - k) Fk + E2 

and 

E:^^ + XDk + Fk + Aa2^2 ■ 
By adjunction it follows that 

2a2-ai-a3-mi-m2-...-mk = Dk-E2 > multg^^ (^Dk-E2^ > l-(ai + ka2 + mi + m2 + ■■■ + mk 

and 

mk = Dk ■ Fk > multg^^ (^Dk ■ Fk^ > 1 - 02, 
which implies that 

X 02 , , 2k + 2 

{k + 2)02 - y > (/c + 2)02 - 03 > A; + 1 ^ 02 > ^^rp^ ■ 

Remark 3.2. It remains to be shown that after the k-th blow up we have 

(A(ai + ka2 + mi + m2 + ... + mk) - k) <1, 

and for this it is enough to show that 

(ai + ka2 + mi + m2 + ... + mk - k) < 1 . 

Suppose that we have blown up /c — 1 times, then 02 > 2k+i ■ assume on the contrary 

that 

oi + ka2 + mi + m-2 + ... + mk — k > 1 =^ ai + ka2 + mi + 7712 + ... + mk > A; + 1 

A; + 1 

oi + 2A:ai > oi + A:a2 + A;mi > A; + 1 =^ oi > — 

2A; + 1 

k 2k 
as < 1 — oi < — 02 < 203 < 



2A; + 1 " 2A; + 1 

which is a contradiction. 



□ 



3.2. Del Pezzo surfaces of degree 1 with one A4 type singularity. In this section we 
will prove the following. 

Lemma 3.3. Let X be a del Pezzo surface with one Du Val singularity of type A4 and = 1. 
Then the global log canonical threshold of X is 

lct(X) = ^ . 



am grateful to Jihun Park for letting me know about a mistake on the upper bound of lct(X). 

10 



Proof. Let Z be the unique curve in the hnear system | — Kx\ that contains P, where P is 
the Du Val singular point of type A4. We take the minimal resolution tt : X ^ X of X, that 
contracts the exceptional curves Ei, E2, E3, to the singular point P. The following diagram 
shows how the exceptional curves intersect each other. 

A4. ^Ei ^E2 ^Ei 

Then 

Z ~Q 7r*(Z) -Ei-E2-Es-Ei . 

Furthermore there exists a unique smooth irreducible element C of the linear system | — 2Kx \ , 
such that -E2 n -E3 G C. For the strict transform of the irreducible curve C we have 

C + Ei + 2E2 + 2E3 + E4e\- 2K^ \ . 

We can assume that C ^ SuppD and then 

(3.4) rnnHQD <C-D = 2-a2-a3^ multgL) + 02 + 03 < 2 . 

Since ~(q —Kx, we have that 

lct(X) < lct(X, Ic) = ^ 
2 5 

Suppose that lct(X) < |, then there exists an effective Q-divisor D £ X such that D —Kx 
and the log pair {X,XD) is not log canonical, where A < |. According to Lemma 12.41 the pair 
{X, \D) is log canonical everywhere except for a singular point P € X, at which point {X, XD) 
is not log canonical. Since the curve Z is irreducible we may assume that the support of D does 
not contain Z, thus < D ■ Z. Then 

D ~Q itI{D) - aiEi - 02 £'2 - 03-^3 - a4£'4, 

and from the inequalities 

0<D-Z = l-ai-a4 

0<Ei-D = 2ai-a2 

0<E2-D = 2a2 - ai - 03 

< E-^ ■ D = 203 — 02 — 04 

0<E4-D = 204-03 

we get the following upper bounds oi < |, 02 < |, 03 < |, 04 < |. 
The equivalence 

Kj^ + XD + XaiEi + Aa2£^2 + Aa3£;3 + Aa4-E4 ~q ttI{Kx + XD) 

implies that there is a point Q £ Ei U E2 U E3 U E4 such that the pair K-^ + XD + XaiEi + 
02i?2 + A03-E3 + Aa4ii^4 is not log canonical at Q. 

• If the point Q £ Ei and Q ^ E2 then 

Ki^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El , since Aoi < 1 . 

By adjunction (Ei, XD\ei) is not log canonical at Q and 

5 3 ~ /~\16 

1 > T«i > 2ai - -oi > 2ai - 02 = D ■ El > multo [D ■ eA > - > - , 
4 4 V / A 5 

which is false. 

11 



• UQ £ E2hnt Q ^ ElU E3 then 

K<^ + XD + \a2E2 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + E2 , since Aa2 < 1 • 
By adjunction (£^2i ^D\e2) is not log canonical at Q and 



1 > ^a2 > 2a2 - y - ^02 > 2a2 - ai - 03 = £» ■ £^2 > multQ (^£> ■ E2) > > ^ , 



5 a2 2 

-02 > 2a2 - 
6 

which is false. 



• If (5 G -^3 but Q £^2 U E4^ then 

K^ + XD + XaaEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E^ , since Aaa < 1 . 
By adjunction {E3, Ai^l^g) is not log canonical at Q and 

1 > ^03 > 2a3 - ^as - y > 2a3 - 02 - 04 = -D ■ £^3 > multQ (^D-E^^ > , 

which is false. 

• If Q G -£4 but Q Es then 

K.^ + XD + Xa^Ei 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 , since Aa4 < 1 . 

By adjunction {E4, XDIe^) is not log canonical at Q and 

5 3 ~ /~\16 

1 > 7^4 > 2a4 — -04 > 2a4 — as = D ■ E4 > multg ( I? • £^4 1 > — > - , 
4 4 V / A o 

which is false. 

• If Q G -£1 n £2 then the log pair 

Kj^ + XD + XaiEi + Aa2£2 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + Ei + Xa2E2 and K-^ + XD + XaiEi + £;2 . 
By adjunction it follows that 

2a2 — ai — ^a2 > 2a2 — ai - 03 = £> • £^2 > multg (^D ■ £^2^ > - oi > ^ — oi , 
and 

2ai- a2 = D ■ Ei> multQ ^D ■ Ei^ > - - 02 > - - 02 . 

These imply that oi > ^ and 02 > 

Consider now the blow-up ai : Xi ^ X of the surface X at the point Q that contracts 
the (— l)-curve £1 to the point Q. Then for the strict transforms of the exceptional divisors 
£Ji , £2 , £^3 , £4 we have 

£1 ~Q a^(£i)-£i 

£2 ~Q <7l(-^2) — £1 
£3 ~Q (^1(^3) 

E4 ~Q aKE^) . 

Let now 

T,^:X^%X^X 
12 



be the composition tti = tt o ai. We have 

K^^ al {K^)+Fi^Q (tt* {Kx)) + Fi ~q tt^* {Kx ) + 

and 

^1 fJi*(£)) -miFl 

~Q cr]' (vr* (Z?) - aiEi — 02-^2 — asE'a - a^E^) - miFi 

~Q Trl{D) - aiEi — 02 £^2 — a^E^ - a^E^ — (ai + 02 + mi)Fi , 

where mi = multg^. Also the strict transform of the anticanonical curve Z is 

(tt* (Z) - £^1 - £;2 - - £^4) 
~Q 7tI{Z)-Ei-E2-E3-E4-2Fi . 

Prom the inequahties 



< £>i 


■Zi 


= 1 — ai — 


04 


< El • 


• £>i 


= 2ai — 02 


— mi 


0<^2 




= 2a2 — ai 


- 03 - mi 


< ^3 • 


•L>i 


= 2a3 — 02 


— 04 


< 




= 2a4 — 03 




< Fi • 


.L>i 


= mi 





we get that mi < ^. The equivalence 

K^^ + XDi + XaiEi + Aa2^2 + Aa3^3 + Aa4^4 + (A(ai + 02 + mi) - l)Fi ~q 7r^(Kx + A£>) 
implies that there is a point Qi G Fi such that the pair 

K^^ + XDi + Aai Ji + Aa2-B2 + (A(ai + 02 + mi) - l)Fi 

is not log canonical at Qi. 

• Suppose Qi G £^1 n Fi, then the log pair 

K^^ + XDi + Aai^i + (A(ai + 02 + mi) - l)Fi 
is not log canonical at Qi and so are the pairs 

Kj^^ + XDi + Ei + (A(ai + 02 + mi) - l)Fi 

and 

K^^ + XDi + XaiEi + Fi . 
By adjunction it follows that 

12 



2ai — 02 — mi = D\ ■ Ei> multg^ yDi ■ Eij > — — ai — 02 — mi , 
Di-Fi> multQi (-Di • Fi) > ^ - ai > ^ - ai , 



and 

mi = 

which is false. 
• Suppose Qi € Fi\{Ei U E2) then the log pair 

K^^ + AL>i + (A(ai + a2 + mi) - l)Fi 

is not log canonical at Qi and so is the pair 

5 

Kj^^ + XDi + Fi , since < -(ai + 02 + mi) - 1 < 1 
By adjunction it follows that 



mi = Di-Fi> multQi (l>i ■ Fi) > - > - , 
which is impossible since mi < ^. 
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• Suppose Qi € £"2 n Fi then the log pair 

+ XIDi + \a2E2 + (A(ai + 02 + mi) - l)Fi 
is not log canonical at Qi and so are the pairs 

K^^ + \Di + E2 + (A(ai + 02 + mi) - l)Fi 

and 

ir^^ + A^i + Aa2^2 + Fi . 
By adjunction it follows that 

f ~ ~ \ 12 

2a2 - ai - as - mi = Di • i?2 > niultQ^ yDi ■ E2J > — — ai - 02 - mi 

and 

/ ~ \ 1 6 
m.! = Di • Fi > multQi \^Di • Fi J > - - a2 > - - 02 , 



which imply that 



3a2 - — > 3a2 - aa > — ^ 02 > - • - 
2 5 7 5 



Consider now the blow-up CJ2 : X2 Xi of the surface Xi at the point Qi that contracts the 
(— l)-curve F2 to the point Qi. We then have 

Kx, ~Q 7r*2{Kx) + Fi+2F2 

D2 ~Q 7r2(F') - aiFi - 02 F2 - a^E^ - a^E^ - (ai + 02 + mi)Fi - (ai + 2a2 + mi + m2)F2 

Z2 ~Q 7r|(Z)-Fi-F2-F3-F4-2Fi-3F2 , 
and 

< D2 ■ Z2 = 1 — 01—04 

< El ■ D2 = 2ai — 02 — mi 

< F2 • -D2 = 2a2 — Oi — 03 — mi — m2 

< F3 ■ F>2 = 203 - 02 - 04 

< F4 ■ F>2 = 204 - 03 

< Fi • -D2 = mi — m2 

< F2 • F>2 = m2 , 

where m2 = multQjZ?2- 

Because of the equivalence 

Tr2{Kx + \D) ~Q 

Kj^^ + AF>2 + AoiFi + Aa2F2 + A03F3 + Aa4F4 + 
(A(oi + 02 + mi) - l)Fi + (A(oi + 2o2 + mi + m2) - 2)F2 
there is a point Q2 G F2 such that the pair 
iC^^+A^2+AoiFi+Ao2F2+Ao3F3+Ao4F4+(A(oi+02+mi)-l)Fi+(A(oi+2o2+mi+m2)-2)F2 

is not log canonical at Q2- 

• Suppose (52 £ F2 n Fi , then the log pair 

(^2, XD2 + (A(oi + 02 + mi) - l)Fi + (A(oi + 2o2 + mi + m2) - 2)F2) 

is not log canonical at Q2 and so arc the log pairs 

Kj^^ + \D2 + Fi + (A(oi + 2o2 + mi + m2) - 2)F2 

and 

+ AF>2 + (A(oi + 02 + mi) - l)Fi + F2 . 
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By adjunction it follows that 

18 



D'2 ■ Fij > — — (ai + 2a2 + mi + 1112) 
and 

/ ~ \ 12 
1712 = D2- F2> multQj \^D2 ■ F2j > — — (ai + 02 + mi) , 



which is false. 

• Suppose O e F2\{Fi U E2), then the log pair 

Kj^^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 

is not log canonical at Q2 and so is the log pair 

5 

Kj^^ + XD2 + F2 , since -(ai + 2a2 + mi + m2) - 2 < 1 . 
By adjunction it follows that 

1712 = D2-F2> multQj (j)2 • -F2) > ^ , 

which is false. 

• Suppose Q2 & F2 n E2, then the log pair 

Kj^^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 + Aa2-E2 
is not log canonical at Q2 and so are the log pairs 

K^^ + XD2 + (A(ai + 2a2 + mi + m2) - 2)^2 + E2 

and 

K^^ + XD2 + F2 + Aa2^2 • 
By adjunction it follows that 

/ ~ ~ \ 18 

2a2 - ai — 03 — mi - m2 = -D2 • -B2 > multgj ^^2 • E2J > — — (ai + 2a2 + mi + m2) 
and 

m2 = -D2 • -F2 > multQj ^£»2 ■ -F2) > ^ - 02, 
which implies that 

02 ^ , 18 9 6 

4a2 - — - > 4a2 - as > — ^ a2 > — • - . 
2 5 lU 5 

Consider now the blow-up cjfc : Xk ^k-i of the surface Xfc_i at the point Qk-i that 
contracts the (— l)-curve F^ to the point Qk-i- We then have 

~Q 7tI{Kx) + Fi + 2F2+3F3 + ... + ik-l)Fk-i + kFk 

~Q ^ki^) - aiEi - a2E2 - a^E^ - a^E^ - (ai + 02 + mi)Fi - (ai + 2a2 + mi + m2)F2 - 
- (ai + {k - 1)02 + mi + m2 + .. + mfc_i) Fk-i - (ai + ka2 + mi + m2 + .. + m^) Fk 
Zk TTUZ)-Ei-E2-E3-E^-2Fi-3F2-...-kFk-i-{k + l)Fk , 
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and 



0<Dk 


• 


= 1 - 


ai — tti 


0<Ei- 


Dk 


= 2ai 


- 02 - ' 


0<E2- 


Dk 


= 2a2 


— ai — 1 


0<Es' 


Dk 


= 2a3 


- 02 - ^ 


< £^4 • 


Dk 


= 2a4 


- as 


< Fi ■ 


Dk 


= mi 


- m2 


< F2 ■ 


Dk 


= 1712 


- ^3 



< Fk-i ■ Dk = nik-i - mk 

0< Fk- Dk = ruk , 

where rui = multQ._jZ)j , for i = 1, k. 
Because of the equivalence 

Tr*k{Kx + XD) ~Q 

Kj^^ + XDk + XaiEi + \a2E2 + Attains + Aa4£;4 + 
(A(ai + 02 + mi) - \)Fi + (A(ai + 2a2 + mi + m2) - 2)^2 + ... + 
(A(ai + {k- 1)02 + mi + m2 + ... + mfe_i) — (A; — 1)) Fk-\ + 
(A(ai + ka2 + mi + m2 + ... + m^) — A;) Fk 
there is a point Qk £ i^fe such that the pair 
K^^ + A^fe + Aa2-E2 + (A(ai + {k - 1)02 + mi + m2 + ... + mfe_i) - (A; - 1)) Fk-i 

+ (A(ai + A;a2 + mi + m2 + ... + m^) - k) Fk 

is not log canonical at Q^. 

• Suppose Qk & FkD Fk-i, then the log pair 

K^^ + XDk + (A(ai + {k- 1)02 + mi + m2 + ... + mjk_i) - {k - 1)) Fk-i 

+ (A(ai + A;a2 + mi + m2 + ... + m^) — A;) Fk 
is not log canonical at Q2 and so are the log pairs 

Kj^^ + XDk + Fk-i + (A(ai + ka2 + mi + m2 + ... + m^) - k) Fk 

and 

K^^ + XDk + (A(ai + (A; - 1)02 + mi + m2 + ... + mfe_i) - (A; - 1)) Fk-i + Fk . 
By adjunction it follows that 

nik-i -mk = Dk ■ Fk-i > multg^^ (Ok ■ -^fc-i) > ^(A; + 1) - (ai + A;a2 + mi + m2 + ... + 



A 

which is a contradiction. Indeed from the inequality above we have that 

ai + Aa2 + mi + m2 + ... + mfe_2 + 2mjk_i > ^{k + 1) 

A 

but since mi > m2 > ... > m^ we get that 

oi + A:a2 + Ami > — (A + 1) . 

A 

However the inequality < £^1 • Dk = 2ai — 02 — mi finally gives us 

4A — 1 4A — 1 6 

(2fc + l)ai > A(fc + 1) ^a4 < ^(^^ ^ «2 < 804 < ^ " 5 , 
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which is false since after the (A; — l)-th blow up (and before the k-th blow up) we have 

6 3k 4:k - 1 6 
^ 5 ' 3k + 1 ^ 4k + 2 ' 5 ' 

• Suppose Qk G U E2), then the log pair 

Kj^^ + ADfe + (A(ai + ka2 + mi + m2 + ... + rrik) - k) F^. 
is not log canonical at Qk and so is the log pair 

Kj^^ + XDj. + Fj. , since (A(ai + ka2 + mi + 777-2 + •.. + mrik) — k) < 1 . 
By adjunction it follows that 

mk = Dk-Fk> multQj^ (^Dk ■ Fk^ > ^ , 

which is false, since ^ > 7771 > 7772 > ... > 777^. 

• Suppose Qk ^ Fk n E2, then the log pair 

Kj^^ + XDk + (A(ai + ka2 + r77i + 7712 + ... + rrik) - k)Fk + \a2E2 
is not log canonical at and so are the log pairs 

Kj^^ + XDk + (A(ai + ka2 + ttii + 7712 + ... + 777^) -k)Fk + E2 

and 

Kj^^ + XDk + Fk + Aa2^2 • 
By adjunction it follows that 

202-01-03— 7771— 7772 — ...—777fe = -Dfe-£^2 > multg^ (^Dk-E2^ > ^(fe+1) — (oi + A;a2 + 7771 + 7772 + ... + W7fe) 



and 



6 



mk = Dk ■ Fk > multQ^ (^Dk ■ Fk^ > - - 02, 



which implies that 

2 6,, 6 3(k + l) 

{k + 2)a2- -a2> {k + 2)a2- a3> -{k + 1) ^ a2> ^ ' 



3 ' ' 5' ' 5 3(fc + 1) + 1 

Remark 3.5. It remains to be shown that after the fe-th blow up we have 

(A(ai + fea2 + 7771 + 7772 + ... + "7fc) - k) <\, 

and for this it is enough to show that 

^(ai + A:a2 + 7771 + 7772 + ... + 777^) - fe^ < 1 . 

Suppose that we have blown up A; — 1 times, then 02 > | • -^py - Let us assume on the contrary 
that 

5 6 

-(ai + A;a2 + 7771 + 7772 + ... + 777jk) — A; > 1 ^ oi + A;a2 + 7771 + 7772 + ... + 777^ > -{k + 1) 

o 

6 6 A; + 1 

a\ + 2ka\ > ai + A;a2 + A;777i > -(A; + 1) > 7 • 



5' ' 5 2A; + 1 

, 6A; + 1 „ 6 4A;-1 

which is a contradiction. 
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• If Q € -^2 n £^3 then the log pair 

Ki^ + \iD + \a2E2 + Aas^s 
is not log canonical at the point Q and so are the log pairs 

K^ + \b + E2 + \a3E3 and Kj^ + XD + A02-E2 + Es . 
By adjunction it follows that 

2a2 — ^a2 — 03 > 2a2 - ai - = D ■ E2 > multg ^L* • ^2^ > ^ - 03 , 

and 

203 - 02 - 04 = ■ £'3 > multQ ^i) • £3^ > - - 02 • 
These imply that 02 > I and 03 > I 



5 """^ •^15- 

Consider now the blow-up 7r2 : X — >^ X of the surface X at the point Q that contracts 
the (^l)-curvc E to the point Q. Then for the strict transforms of the exceptional 
divisors Ei, E2, E^, E4 we have 

El ~Q '^2(^1) 

E2 ~Q 7r2(-E2) — E 
E3 ~Q ^2 (-^3) — E 
E4 ~Q 7r2(-E4) 



Let now 



D 



7r*iKx)+E 



be the composition tt = vri o 7r2. Wc have 

% = 7r*^{Kji) + Er^q7r*^{7rl{Kx)) + E 
and 

= TT2{D)-mE 

^2(^i(-^) ~ - a2-E'2 - asEs - a^E^ - biFi - 62^2 - hEs - biF^) - mE 
Tr*{D) - aiEi - 02-^2 - 03^3 - 04^4 - 61 Fi - 62 F2 - ^3-^3 - &4£4 - (^2 + 03 + m)E 
where m = multgi). Also the strict transform of the anticanonical curve Z is 

Z ~Q '^2('^) 

~Q Tr*2 (ttI {Z)~Ei-E2- E3 - E^) 
~Q iT*{Z) - El- E2- E'i- Ei-2E . 
Prom the inequalities 



< L> 


■ z = 


1 - 


ai — 04 


< £^1 


D = 


2ai 


- a2 


< £^2 


D = 


2a2 


- ai-as 


< -£3 


D = 


2a3 


— 02 — 04 


< -£4 


D = 


2a4 


- 03 


< £; 


D = 


m 





we get that m = multgD < ^. 
The equivalence 



K^ + XD + \a2E2 + Xa^Es + (^X{a2 + 03 + multg^) - l)£; ~q Tr*{K^ + XD + Xa2E2 + XaaE^) 
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implies that there is a point R ^ E such that the pair 

K^ + Xb + \a2E2 + XasEs + (^A(a2 + 03 + multgl)) - l)^; 

is not log canonical at R. 

(i) If Q G ^2 n then the log pair 

Kz+\D + \a2E2 + {\{a2 + as + multgL)) -l^E 
is not log canonical at the point R and so is the log pair 

K^ + \D + \a2E2 + E . 
By adjunction and inequality 13.41 it follows that 

2-^-a2>2-a2-a3> iquHqD = D ■E> umltR^D ■ E^ >^-a2 

which is false. 

(ii) If Q G E\{E2 U -Es) then the log pair 



K^ + \D+ [\{a2 + 03 + multgD) -IjE 
is not log canonical at the point R and so is the log pair 



K^ + XD + E . 



By adjunction it follows that 

mvliqi) = D ■ E > mult/j(^Z) ■ E^j > ^ , 

which is false, 
(iii) If Q e E^ n E then the log pair 

K^ + XD + XasEs + (^A(a2 + 03 + multQ^I) -ijE 

is not log canonical at the point R and so is the log pair 

K^ + XD + Xa-iEa + E . 

By adjunction and inequality 13.41 it follows that 

4 - : / - \ 6 

2---a2>2-a2-a3> multQD = D ■ E> mult/j [D ■ Ej > - - 03 

which is false. 



□ 



3.3. Del Pezzo surfaces of degree 1 with one A5 type singularity. In this section we will 
proye the following. 

Lemma 3.6. Let X be a del Pezzo surface with one Du Val singularity of type A5 and K\ = 1. 
Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Let X be a del Pezzo surface with at most one Du Val singularity of type A5 and 
= 1. Let TTi : X — > X be the minimal resolution of X. The following diagram shows how 
the exceptional curyes intersect each other. 

A5. ^Ei ^E2 ^E'i ^Ea ,£5 

Suppose that lct(X) < |, then there exists an effectiye Q-diyisor D £ X such that D —Kx 
and the log pair {X, XD) is not log canonical, where A < |. We deriye that the pair (X, XD) is 
log canonical outside of a point P E X and not log canonical at P. Then 

D ~Q T^iiD) - aiEi - a2E2 - a^E^ - a^^E^^ - a^E^ and Z ~q nl{Z) - Ei - E2 - E^ - E4 - E5 . 
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Let Z be the curve in | — Kx\ that contains P . Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 
Prom the inequahties 



we see that 



and what is more 



< 


Z 


= 1 — ai 




05 




D 


= 2ai - 


a2 




0<E2- 


D 


= 20,2- 


ai 


— as 


< -E3 • 


D 


= 2a3- 


02 


— 04 




D 


= 2a4 — 


as 


- as 


0<E5- 


D 


= 205 - 






5 


4 


3 




4 


6 


3' 


03 < 2' "4 


< 


3, as 



5 
6 



3 4 5 

205 > 04 , -04 > as , -as > 02 , -a2 > oi 



Furthermore there exists a curve L3 G X, that passes through the point P, whose strict transform 
is a (— l)-curve that intersects the fundamental cycle as following. 



and 

Then we easily get that 
L3 



Lri ■ Ei 



L3 ■ E3 = 1 
= for j = 1,2,4,5 . 



-£^1 — E2 — —E3 — E4 — —E^ . 



2 " 2 " 2 

The image of L3 under involution is cither fixed or Ls is mapped to another curve L3. In 
either case we can assume that the irreducible line L3 is not contained in Supp(£)) and thus 
deduce the inequality 

< L3 ■ = 1 - as , 

The equivalence 

K^ + \b + aiXEi + a2\E2 + a^XE^ + a^XE^ + ar,XE^ ~q itI{Kx + D) 
implies that there is a point Q G U £^2 U £^3 U £^4 U such that the pair 
Kj^ + XD + aiXEi + a2A£;2 + asA£;s + a4A£;4 + a5A£;5 
is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

Kj^ + XD + aiXEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El , since aiA < 1 . 
By adjunction (Ei, XD\ei) is not log canonical at Q and 

1 > 2ai - ^ai >2ai-a2 = D ■ Ei> multQ • > ^ > ^ , 
5 V / A 2 

which is a contradiction. 

• If Q e Eir\E2 then the log pair 

Kj^ + XD + aiXEi + a2XE2 
is not log canonical at the point Q and so are the log pairs 

K-^ + Xi) + Ei + a2XE2 and Kj^ + XD + aiXEi + E2 . 
By adjunction it follows that 

2a2 - ai - a3 = D ■ E2 > multg (^D\e2^ = multg (^D ■ £^2) > ^ - oi > ^ - ai , 
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and 
2a 



I - a2 = D ■ El > multg (^D\ei^ = multg (^D ■ Ei^ > ^ - 02 > ^ - 02 . 



From the first inequality we get 03 > ^ and then we see that 

12 3 3 
1 > ai + 05 > ai + - • -0,3 > - + — > 1 , 

which is a contradiction. 

• U Q e E2hut Q ^ EiU Es then 

K^ + XD + a2XE2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2 , since a2X < 1 . 
By adjunction {E2, Ai^|£;2) is not log canonical at Q and 

1 > 2a2 - ^a2 - ^02 >2a2 - a\ - az = b ■ E2> multg [Jd ■ ^2) > ^ > ^' 

which is a contradiction. 

• If Q G £?2 n £^3 then the log pair 

K^ + XI) + a2XE2 + a3AE3 
is not log canonical at the point Q and so are the log pairs 
Kj^ + XD + a2XE2 + E3 , since Aa3 < 1 . 
By adjunction it follows that 

2a3 - a2 - a4 = i) ■ E2> multQ (^D ■ E^^ > - 02 > ^ - 02 • 

which, together with the inequality 04 > |a3, implies that 03 > |. However, this is 
impossible since 03 < 1. 

• U Q e Eshut Q ^ E2U E4 then 

K^ + XD + asXEs 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + E3 , since a^X < 1 . 

By adjunction (£^3, XD\e-^) is not log canonical at Q and 

2 22 ~ /~\3 

1 > ^03 > 203 - -as - -03 > 203 - 02 - 04 = D ■ £'3 > multQ ■ E^j > - , 

which is false. 

We will now show the existence of the curve L3 which gave us the inequality 03 < 1. If 
we now contract the curves C, E^^E^, E^ in this order we obtain two curves intersecting 
each other as following. 




El E2 




2 

However the resulting surface is isomorphic to blown up at 4 points and we know 
the configuration of all the -1 curves in this case. Therefore there is always a -1 curve 
L2 that intersects the exceptional curve £2 and not £3. Indeed the resulting surface is 
a smooth del Pczzo surface of degree 5 and £^2 + £3 is its anticanonical divisor. Every 
-1 curve intersects the anticanonical divisor only at one point by adjunction formula 
and thus L2 cannot intersect Ei. 
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If we now contract the curves L2, C, -Es, £'4 we obtain a smooth del Pezzo surface of 
degree 6 and we have the following configuration of lines. 



(-1)E2 



(-1)E3 



Therefore there exist -1 curves and L3 which intersect the exceptional curves E2 
and E3 transversaly and do not intersect any other exceptional curve. 

Therefore there are two -1 curves L2 and L2 intersecting the exceptional curve E2 



and -1 curve L3 intersecting E^, such that L2 ■ L3 



L2 ■ -L3 



Lo ■ L'o = 0. Involution 



either fixes the curve L3 or sends it to another line L3. In any case we deduce the 
inequality 03 < 1. 

□ 



3.4. Del Pezzo surfaces of degree 1 with at most one 

section we will prove the following. 



le type singularity. In this 



Lemma 3.7. Let X be a del Pezzo surface with at most one Du Val singularity of type Ag and 
= 1. Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Let X be a del Pezzo surface with at most one Du Val singularity of type Aq and = 1. 
Suppose that lct(X) < lct2(-^) < |, then there exists an effective Q-divisor D ^ X, such that 
D ~Q —Kx and the log pair {X, XD) is not log canonical, where A < |. 

Let Z be the unique curve in | — Kx\ that contains P. Since the curve Z is irreducible we 
may assume that the support of D does not contain Z. 

We derive that the pair {X, XD) is log canonical outside of the singular point P e X and not 
log canonical at P. Let tti : X ^ X he the minimal resolution of X. The following diagram 
shows how the exceptional curves intersect each other. 



.E4 



,^6 



Then 



D ~Q TTl{D)-aiEi-a 
Prom the inequalities 



we see that 



and 



2a6 > 05 



2ai > 02 





-a^E^— 


UgEq 


and Z 




0<D 


■Z = 


1 - 


oi - ae 


0<Ei 


b = 


2ai 


- 02 




0<E2 


D = 


2a2 


- ai - 


as 


< -E3 


b = 


2a3 


- 02 - 


04 


< £^4 


b = 


2a4 


- 03 - 


as 


0<E5 


b = 


2a5 


— 04 — 




0<Eg 


b = 


2ae 


- 05 





ttI{Z) — El— E2— E^— E4— Eq— Eq 



3 4 5 6 

-05 > a4 , -04 > 03 , -as > 02 , -a2 > ai 



3 4 5 6 

-02 > 03 , -03 > 04 , -04 > 05 , -as > ae . 
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Moreover, for these non-negative numbers we get the bounds 

6 10 12 12 10 6 

Ol < 02 < y, 03 < y, 04 < y , as < y, 06 < y • 

Furthermore there arc four curves L2, Lj^^L^ G X that pass through the point P, such that 
their strict transforms in X are the (— l)-curves L2, -L3, -L4, L5 that intersect the fundamental 
cycle as following 

L2 ■ E2 = L3 • = L4 ■ E4 = L5 • E^ = 1 

and 

Li ■ Ej = for all z = 2, 3, 4, 5 and j = 1, 6 with i ^ j . 
We can easily see that 



L2 ~Q 


7r*(L2)- 




10 „ 

y-E'2 - 




~Q 


7r*(L3) - 




-E2 - 


y-2'3 


L4 ~Q 


7r*(L4) - 




-£'2 - 


--£'3 - 




vr*(L5) - 


>- 


-E2 - 


7 


■2 + ^5 e 


\-2Kx\ 


and L; 


3 -I- L4 


£ 1 - 





- '-Er, - 

7 ^ 






7 ^ 






-7^5- 


jEq , 




7 ^ 


■ 



2Kx\ and we can assume that at least 
one member from each pair L2 + L5 and L3 + L4 is not contained in the support of D. Thus 
< L3 • D = 1 — 03 or < L4 • i) = 1 — 04. The equivalence 

K.^ + XD + aiXEi + a2\E2 + asXE^ + a^XEi + a^XE^ + aeXEe = ttI{Kx + XD) 

implies that there is a point Q E EiLi E2Li E^U E4Li E^Li Eq such that the pair 

Kj^ + XD + aiXEi + a2XE2 + a^XE^ + a^XE^ + a^XE^ + uqXEq 

is not log canonical at Q. 

• If the point Q e Ei and Q ^ E2 then 

K^ + XD + aiXEi 
is not log canonical at the point Q and so is the pair 

+ XD + El , since aiX < 1 . 
By adjunction (£'i,Ai?|Ei) is not log canonical at Q and 

1 > ^ai > 2ai - ^ai > 2ai - a2 = D ■ Ei > multg (^D-Ei^ >j>^ , 

which is false. 

• li Q e Eir\E2 then the log pair 

+ XD + aiXEi + a2XE2 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + Ei+ a2XE2 and Kj^ + XD + aiXEi + E2 . 
By adjunction it follows that 

5 ~ / ~ \ 3 

2-a3 — ai — >2a2 - ai - a3 = D ■ E2 > multQ yD ■ i?2 j > - ai ^ > 1 , 

and 

2ai - a2 = D ■ El > multg (J^\ei^ = multg (^D ■ Ei^ > ^ - 02 ^ oi > ^ . 
which leads to contradiction, as 

12 3 3 1 
I > ai + ae > ai + ---a3 > - + - = 1 . 

23 



• UQ £ E2hnt Q ^ ElU E3 then 

K^ + XD + a2\E2 
is not log canonical at the point Q and so is the pair 

+ \D + E2 , since < 1 . 
By adjunction {E2, XD\e2) is not log canonical at Q and 



1 > > 2a2 - - > 2a2 - ai - = D ■ E2 > multg (^D ■ Eq^ > ^ , 

which is false. 

• HQ eE^hMiQ ^E2U> E4 then 

K^ + XD + asXEs 
is not log canonical at the point Q and so is the pair 

K-^ + XD + E2 , since a^X < 1 . 

By adjunction (E3, XD\e^) is not log canonical at Q and 

7 23 ~ /-\13 

1 > > 2a3 - -03 - -03 = 203 - 02 - 04 = D ■ ^3 > multg yD ■ E^j > -> - , 

which is false. 

• If Q G £?3 n E4 then the log pair 

K-^ + XD + 03AE3 + a4A£;4 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + E3 + a4A£^4 and K-^ + XD + asA^^s + E4 , since Aa4 < 1 . 
By adjunction it follows that 

2a3 - ^03 - a4 > 2a3 - 02 - 04 = £> • £^3 > multQ (^D ■ E^^ > ^ - 04 > ^ - 04 , 
and 

2a4 - 03 - ^04 >2a4- as - = D ■ E4 > multg (^D ■ E4^ > - 013 > ^ - 03 . 

This means that 03 > 1 and 04 > 1 which is impossible. 

• If (5 G -E'2 n £^3 then the log pair 

K^ + XD + a2XE2 + a3AE3 
is not log canonical at the point Q and so are the log pairs 

K-^ + XD + E2 + asXEs and K-^ + XD + a2XE2 + -E3 , since Aa3 < 1 . 
By adjunction it follows that 

2a2 - ai - as = b ■ E2 > multg (^b\E2^ >^-a3>^-a3^a2>l, 

and 

6 



203 - 02 - 04 = i) • i?3 > multg (J^Ies^ > ^ - a2 > ^ - 02 as > 



5 



In L2 ^ SuppD then < D • L3 = 1 — 03 which contradicts the above inequalities 
and the same holds when L2 SuppD. Therefore we assume that D = aL2 + cL^ + O,. 
In the following graph we can see how the exceptional curves intersect each other. 
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-1 



If we now contract the curves C, Eq,E5,E4, E3 in this order we get a del Pezzo surface 
of degree 6 and here is how the remaining curves intersect. 




El E2 




However the resulting surface is isomorphic to blown up at 3 points and we know 
the configuration of all the -1 curves in this case, they form a hexagon. Therefore 
there is always a -1 curve L2 that intersects the exceptional curve E2 and not £^3. 
Indeed the resulting surface is a smooth del Pezzo surface of degree 6 and E2 + E3 is 
its anticanonical divisor. Every -1 curve intersects the anticanonical divisor only at one 
point by adjunction formula and thus L2 cannot intersect Ei. 

If we now contract the -1 curve L2 in the original setting we have a smooth surface 
of degree 2 with the following configuration of curves. 




-1 



If after that we contract the curves C, Eq, E5,E4^ we obtain a smooth del Pezzo surface 
of degree 6 and we have the following configuration of lines. 




Therefore there exist -1 curves L2 and L3 which intersect the exceptional curves E2 
and £^3 transversaly and do not intersect any other exceptional curve. 

Therefore there are two -1 curves L2 and L2 intersecting the exceptional curve E2 
and -1 curve L3 intersecting E3, such that L2 ■ L3 = Li^ ■ L3 = L2 ■ Li^ = 0. 

Furthermore we also have the involusive images of the curves £2,^2 '-^3- total 
we get six curves L2, L2, L^, L4, L^, L'^ G X that pass through the point P, such that 
their strict transforms in X are the (— l)-curves L2, L'2, L3, L4, L5, that intersect the 
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fundamental cycle as following 

L2 ■ E2 = ■ = L4 ■ E4 = ■ = 1 

and 

Li ■ Ej = for all z = 2, 3, 4, 5 and j = 1, 6 with i j 
We can easily see that 



L2 




7r*(L2) - 




10 

—E2 - 






A 




4 


~Q 


vr*(4) - 




10 

—E2 - 


g 

_ ^E^, 




A 

--E,- 
7 ^ 


2 


L3 


~Q 


7r*(L3) - 




-E2 - 


12 






jEq , 


u 


~Q 


7r*(L4) - 




-E2 - 


TjEz - 




-'-E,- 






~Q 


7r*(L5) - 




-E2 - 






■ - 

7 ^ 




4 


~Q 


vr*(4) - 


>- 


-E2 - 






■ - 

7 ^ 


■ 





7-2 


= 7r*(L2) 


•vr*(L2) 


= 4 


•7r*(L2) 




^2 


= ^*(4) 


■ ^*(4) 


= 4 


•^*(4) 






= 7r*(L3) 


■vr*(L3) 


= 4 


•vr*(L3) 


4 




= ^*(4) 


■7r*(L3) 


= 4 


•7r*(L3) 


L2 


• La 


= 7r*(L2) 


•7r*(L3) 


= 4 


•7r*(L3) 


L2 


•4 


= 7r*(L2) 


■ ^*(4) 


= 4 


•^*(4) 



We compute the intersection matrix for the curves L2,L2, L3 and we see that these 
three divisors are linearly independent. We know Pic(X) = and we collapse six 
exceptional -2 curves, therefore Pic(X) = Z © Z © Z. Therefore this is a basis of the 
Pic(X) = Z © Z © Z. 

r 2 10 ~ ^ 1 10 3 

-^2 + ■ E2 — -1 + — — - , 

~,2 10- 10 3 

^2 + y-^2 ■ -C'2 = -1 + — - , 

^~ 2 12 ~ ^ ^ 12 5 
L3 + yL3 ■ E^ - -1 + — - - , 

4 ■ 4 + ^4 • -^2 = y 

~ ~ 8 ~ 8 
L2 • -L3 + -L2 ■ E2 — - 

4 • 4 + y 4 ■ E2 = — 

Now we would like to calculate D = aL2 + 6L2 + ^-^3- We have the following system of 
equations. 

3 10, 8 

-a + — 6 + -C = 1 

7 7 7 

10 3, 8 
—a+-b+-c = 1 

7 7 7 

8 8, 5 

-a + -h+-c = 1 
7 7 7 

Therefore our effective divisor D is 
and 

2 4 4 2 1 

D = Tr*(D) - -El - -E2 - -E3 -E4- -E5 - -Ed . 
^^ 3 3 3 3 3 

We should note here that the divisor D is a simple normal crossings divisor and thus if 

we blow up more we do not improve the log canonical threshold. There is no need to 

blow up further and {X, XD) is log canonical which is a contradiction. 

□ 
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3.5. Del Pezzo surfaces of degree 1 with exactly one A7 type singularity. In this section 
we will prove the following. 



Lemma 3.8. Let X be a del Pezzo surface with at most one Du Val singularity of type A7 and 
1. Then the global log canonical threshold of X is 

1 8 



lct(X) 



— or — 
2 15 



The del Pezzo surface X can be realised as the double cover 

X^P(1,1,2) , 

which is ramified along a sextic curve R G P(l, 1, 2). Let tti : X ^ X he the minimal resolution 
of X. The following diagram shows how the exceptional curves intersect each other. 



At. 



.El 



.E2 



.^3 



.E4 



.^5 



E7 If the ramification divi- 



sor R is irreducible then this implies the existence of a -1 curve L4 which intersects the funda- 
mental cycle only at the central exceptional curve E4 and this intersection is transversal. In the 
case the ramification divisor R is reducible no such line exists. Therefore we should consider 
two cases depending on the existence or not of the -1 curve L4. 

3.6. The ramification divisor is irreducible. 

Proof. Suppose lct(X) < |. Then there exists an effective Q-divisor D ^ X and a positive 
rational number A < ^, such that the log pair {X,XD) is not log canonical and D ~q —Kx, 
where A < ^ . Therefore the log pair {X, AD) is also not log canonical. 

Let Z be the curve in | — Kx \ that contains P. Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 

We derive that the pair (X, XD) is log canonical outside of a point P e X and not log 
canonical at P. 

Then 

D 7rl{D) — aiEi — 02-^2 ^ o^sEs — a/iE/i — a^E^ — uqEq — a^E-j and 

Z ~Q) tt'I [Z) — El — E2 — E^ — E4 — Eq — Eq — E^ . 
Prom the inequalities 



0<D 


■ Z 


= 1 - 


ai - 


0-7 


0<Ei 


D 


= 2ai 


- 02 




0<E2 


D 


= 2a2 


— fli 


- as 


0<Es 


b 


= 20,3 


- a2 


— 04 


< -E4 


D 


= 2a4 


- as 


- 05 


< 


b 


= 205 


— 04 


- ae 


< £^6 


b 


= 2a6 


- 05 


- 07 


0<E7 


b 


= 207 


- 06 





we get 



and moreover 



2a7 > ttQ 



-ae > as , -05 > 04 



5 6 7 

704 > 03 , -03 > 02 , -02 > ai 
4 5 6 



15 



12 



7 12 15 

ai < g , 02 < Y ' "-3 < y , 04 < 2 , 05 < , ae < , 07 < g 

Furthermore there are lines L2,L4,Lq G X that pass through the point P whose strict transforms 
are (— l)-curves that intersect the fundamental cycle as following. 



Lo ■ Eo 



-Z74 • -E'4 
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Lfi • Ep, 



1 



L2 ~Q 


7r*(L2) 






7r*(L4) 










vr*(L6) 









and 

Lj ■ = for all i,j = 2, 4, 6 with i ^ j . 

Then we easily get that 

-E2 - -E3 - E4- -E5 - -Eq - -Er 
3 3 1 

TP O TP TP TP TP 

^2 — 2-^3 — ^-£^4 — 2-'^5 — -c/e — 2 

—Eo — —E'i — Ea — —Er^ — ~Efi — —Ej . 
2 4 *4 2 4 

We observe that 2L,\ is a Carticr divisor in the bianticanonical linear system | — 2Kx \ ■ We will 
show that 04 < 1 which is a key inequality for what will follow. Indeed, since L4 is irreducible 
and L4 ~Q —Kx, we can assume that L4 ^ Supp(Z)). Then 

< L4 • £> = 1 - 04 . 

The equivalence 

Kj^ + XD + XaiEi + Xa2E2 + XasEs + Aa4£;4 + AosE^s + XaeEa + XajEj ~(q vr*(Kx + D) 

implies that there is a point Q Ei L) E2 U E-^ U E4 L) Er, U Eq L) Ej , such that the pair 

Kj^ + XD + XaiEi + Aa2-E2 + Xa^E^ + Xa^E^ + Xa^E^ + Aae-Ee + XayEy 

is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

iT^ + AZ) + aiA£'i 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + , since aiX < 1 . 

By adjunction {Ei,XD\ei) is not log canonical at Q and 

2-'^a2- a2>2ai- a2 = D ■ Ei> multg (^i) • > > 2 , 

L2 

8 



which is false, since 02 < 



• If Q e El n E2 then the log pair 

Kj^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Ei + Xa2E2 . 
By adjunction it follows that 

2ai-a2=D-Ei> multg (^D\ei^ = multQ (^D ■ Ei^ > - 02 > 2 - a2 , 

which is false, since ai < |. 

• U Q e E2hut Q ^ EiU E3 then 

K^ + XD + Aa2^2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2 , since Aa2 < 1 • 

By adjunction {E2, XD\e2) is not log canonical at Q and 

5 / \ 1 

2a2 - -a2 > 2a2 - ai - as = D ■ E2 > multg [D ■ E2j > - > 2 , 

which is false, since 02 < 
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• If Q € i?2 n £^3 then the log pair 

K^ + XD + \a2E2 + Xa^Es 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa2E2 + E3 , since Aaa < 1 . 
By adjunction it follows that 

2a3 - a2 - a4 = D ■ E3 > multg (J^Ies^ = multg (j) ■ E^J > ^ - 02 > 2 - 02 , 

which, along with the inequality 04 > |a3, implies that 04 > 1, which is impossible. 

• li Q e Es hut Q ^ E2U E4 then 

Kj^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3 , since Xa^ < 1 . 
By adjunction (£'3, XDIe^) is not log canonical at Q and 

2a3 - 02 - 04 = £> • -B3 > multQ (^Ies) = multQ (^^ • £3) > ^ > 2 . 

This inequality together with 04 > |a3 implies that 04 > 1, which is impossible. 

• U Q e E3 n E4 then the log pair 

K-^ + XD + Xa^E^ + Aa4£4 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa^E^ + £4 , since Aa4 < 1 . 
By adjunction it follows that 

2a4 - 03 - 05 = • £'4 > multQ (^D\e4^ = multQ (^D ■ E^j > ^ - 03 > 2 - 03 , 

which contradicts 04 < 1. 

• If Q € £4 but (5 £;3 U E5 then 

Kj^ + XD + Xa^E^ 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + £4 , since Aa4 < 1 . 
By adjunction (£4, A£'|f;4) is not log canonical at Q and 

2a4 - 03 - as = £» • £;4 > multQ (^D\e4) = multQ (-D • £4) > ^ > 2 , 
which is false since 04 < 1. 

□ 

3.7. The ramification divisor R is reducible. 

Proof. Let X be a del Pezzo surface with exactly one Du Val singularity of type Ay and Kj^ = 1. 
Suppose lct(X) < j^. Then there exists an effective Q-divisor D E X and a positive rational 
number A < such that the log pair {X,XD) is not log canonical and D ~q —Kx, where 
A < ^. Therefore the log pair (X, XD) is also not log canonical. 

Let Z be the curve in | — i^xl that contains P. Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 

Wc derive that the pair {X,XD) is log canonical outside of a point P e X and not log 
canonical at P. Then 

D rsjQ itI{D) — o,i£i — a2£2 — o.3£3 — a4£4 — a^E^ — oqEq — a7E7 and 

Z -kI (Z) — £1 — £2 — £3 — £4 — £5 — £6 — £7 ■ 
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From the inequalities 



0<D 


■ Z 


= 1 - 


ai — 


a-j 


0<Ei 


b 


= 2ai 


- a2 




0<E2 


D 


= 2a2 


- Ol 


- 03 


0<E3 


b 


= 2a3 


- a2 


— a4 


0<E4 


b 


= 2a4 


- 03 


- 05 


0<E5 


b 


= 2a5 


— 04 


- 06 


0<Eq 


b 


= 2a6 


- as 


- 07 


0<E7 


b 


= 2a7 


- ae 





we get 



and moreover 



2a-j > oe 



2«6 > 05 , -^05 > a4 



5 6 7 

-04 > as , -03 > a2 , -a2 > ai 

4 5 6 



12 



15 



15 



12 



oi < g , 02 < y , 03 < Y , 04 < 2 , as < y , ae < — , a7 < - . 

Furthermore there arc hncs L2 , ^5 , Lg € X that pass through the point P whose strict transforms 
are (— l)-curves that intersect the fundamental cycle as following. 

L2 ■ E2 = ■ E^ = Lq ■ Eq = 1 

and 



Li ■ Ej = for all i, j = 2, 5, 6 with i ^ j 



Then we easily get that 



L2 ~Q 


7r*{L2) - 




-^^2 


L3 ~Q 


7r*{Ls) - 




--E2 


L5 ~Q 


7r*(L5)- 




--E2 




7r*(L6)- 




--E2 



15 



3 



1 

4^ 



-E^3 - - g-Bs - -Ec> 
15 ^ 



^7 



- - ^E, - ^E, - ^E, 
3 5 3 3 

TP TP TP TP TP 

-E3 - E4- - -^Ee - -Ej . 

Since L2 + 2L3 G | — ^Kx \ we can assume that L2 ^ Supp-D or L3 SuppD and then 
0<L2--D = l-a2=>a2<lor0<L3-^ = l-a3=>a3<l. 

In the same way we obtain that 

0<L3-£» = l-a2^a3<lor0<L5-£» = l-a3^a5<l, 

since L3 + L5 G | — 2^x1 together with Lemma implies that either L3 D or L5 D. 
The equivalence 

Kj^ + \b + \aiEi + Aa2£^2 + ^^a^E^ + Aa4-E4 + Xa^E^, + Aae-Be + Aa/^;/ ~q it*^{Kx + XD) 
implies that there is a point Q e EiU E2U E^U E^U E^U EqU Ej, such that the pair 
Kj^ + Xb + Aai^i + Xa2E2 + Xa^E^ + Xa^E^ + Xaf,E^ + XuqEq + XajE-j 

is not log canonical at Q. 

• If the point Q e Ei and Q ^ E2 then 

Ki^ + Xb + aiXEi 

is not log canonical at the point Q and so is the pair 

Kj^ + xb + El , since aiA < 1 . 

By adjunction {Ei, XblE-^) is not log canonical at Q and 



1 > 2ai - -ai >2ai-a2 = b-Ei> multQ^£» ■ Ei 
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1 15 



which is false. 

• If Q G n ^2 then the log pair 

K-^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so is the log pair 

K^ + XD + E2 + XaiEi . 

By adjunction it follows that 

5 ~ / ~ \ 1 15 

2a2 - -02 - ai >2a2 — ai — as = D ■ E2 > multg yD ■ E2j ^ \ ~ '^^^ ~^ — ' 

which is false. 

• HQ e E2huiQ ^ Ell] E3 then 

K^ + XD + Aa2^2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2 , since Aa2 < 1 . 

By adjunction {E2, XD\e2) is not log canonical at Q and 

2 5 ~ /~\115 

1 > > 2a2 - -02 >2a2-ai-a3 = D-E2> muItQ (^D ■ E2 j > - > — , 

which is false. 

• If Q G £^2 n £^3 then the log pair 

K^ + XD + Xa2E2 + XasE-s 
is not log canonical at the point Q and so are the log pairs 
Kj^ + XD + Xa^E^ + E2 , since Aa2 < 1 

and 

Kj^ + XD + E3 + Aa2-E2 , since Xa^ < 1 . 
By adjunction it follows that 

2a2 - as - ai = D ■ E2 > multQ (^D ■ E-^ > - 03 > 



03 
and 

4„ ~„ 15 

02 



203 - a2 - ^03 > 203 - a2 - 04 = ^ • £'3 > multQ [t) ■ £3^ ^ \ ~ "''^^^ 
This implies that 

3 02 15 5 

-02 > 2a2 - y > 2a2 - ai > — 02- 

and 

6 4 15 25 

-03 > 2a3 - -03 > 203 - 04 > — 03 — 

which is false, since either 02 < 1 or 03 < 1. 
• If Q € -E3 but Q £2 U £4 then 

K^ + XD + XasEs 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + £3 , since Aa3 < 1 . 

By adjunction (£3, Ai^l^g) is not log canonical at Q and 

^03 > 2a3 - ^03 - ^03 > 2a3 - a2 - 04 = £> ■ E3 > multQ (^D ■ E^^ ^ X ^ T' 
which is impossible. 
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• If Q € -Es n i?4 then the log pair 

K^ + Xb + Xa^E-i + Xa,iEi 
is not log canonical at the point Q and so are the log pairs 
Kj^ + Xb + Xa^E^ + Ei , since Aa4 < 1 

and 

Kj^ + AL* + E3 + Xa4^E4^ , since Aa3 < 1 . 
By adjunction it follows that 

2a4 - 03 - 05 = ^ • £^4 > multg (^DIe^^ = multg (j) ■ £^4^ > ^ - 03 , 
and this implies that 

3 „ 15 3 

2a4 04 > 204 — as > — =^ 04 > - 

*4 8 2 

We have that either 05 < 1 or 03 < 1 and this implies that 04 < |a3 < |. 

• If Q e E4hut Q ^ EsU E5 then 

Kjj. + XD + Xa^Ei 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 , since Aa4 < 1 . 
By adjunction (£^4, XDIe^) is not log canonical at Q and 

1 > ^ > 2a4 — ^04 — ^04 > 2a4 — a3 — = D ■ E4 > multg (f) ■ eA > — 
2 4 4 \ / 8 

which is false. 



□ 



3.8. Del Pezzo surfaces of degree 1 with exactly one Ag type singularity. In this section 
we will prove the following. 

Lemma 3.9. Let X be a del Pezzo surface with at most one Du Val singularity of type Ag and 
K\ = 1. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Let X be a del Pezzo surface with exactly one Du Val singularity of type Ag and K'^ = 1. 
Suppose lct(X) < ^. Then there exists an effective Q-divisor D G X and a positive rational 
number A < |, such that the log pair {X, XD) is not log canonical and D = —Kx, where A < ^. 
Therefore the log pair {X, XD) is also not log canonical. 

Let Z be the curve in | — i^xl that contains P. Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 

We derive that the pair (X, XD) is log canonical outside of a point P £ X and not log 
canonical at P. Let tti : X ^ X he the minimal resolution of X. The following diagram shows 
how the exceptional curves intersect each other. 

■^8- ^£4 ^Ee ^Er ^Eg 

Then 

b ~Q T^i{D) - aiEi - 0,2^2 - 03-^3 - a^Ei - a^E^ - qqEq - ajE-j - agEg and 

Z ~Q '^li^) — El — E2 — E3 — E4 — £5 — Eq — E7 — Eg . 
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From the inequalities 



0<D 


• Z 


= 1 - 


ai - 


OS 


0<Ei 


D 


= 2ai 


- 02 




0<E2 


D 


= 2a2 


- Ol 


- 03 


0<E3 


D 


= 2a3 


- 02 


— a4 


0<E4 


D 


= 2a4 


- 03 


- 05 


< ^5 


D 


= 2a5 


— 04 


- 06 


< ^6 


b 


= 2a6 


- as 


- 07 


0<E7 


D 


= 2a-j 


- 06 


- 08 


< -Es 


b 


= 2as 


- 07 





we get 



2o8 > 07 , -a7 > ae , -oe > 05 , -05 > 04 , -04 > 03 , -03 > 02 , -02 > oi 
2 3 4 5 6 7 



and moreover 

8 14 „ 20 20 „ 14 8 

oi < - , 02 < y , 03 < 2 , 04 < y , 05 < Y , oe < 2 , 07 < — , as < - . 

Furthermore there are hues L^jLq G X that pass through the point P whose strict transforms 
are (— l)-curves that intersect the fundamental cycle as following. 

L3 ■ E2 = Lq ■ Eq = 1 

and 

Li ■ Ej = for all i,j = 3, 6 with i j . 

Then we easily get that 

2 4 5 4 2 1 

L3 ~Q 7r*(i^3) — -^Ei — -E2 — 2Es — -E4 — -Er, — E% — -Ei — -Eg 

^ 1 2 4 5 4 2 

Lq ~q tt*{Lq) — -El — -E2 — Es — -E4 — -E5 — 2Eq — -Ey — -Es . 

We observe that L3 + L4 is a Cartier divisor in the bianticanonical linear system | — 2Kx | • Since 
L3 and Lq are irreducible and L3 ~q L4 ~q —Kx, we can assume that L3 ^ Supp(£)) and 
Le Supp(L»). Then 

< L3 • 1) = 1 - 03 and < Le • -D = 1 - 06 . 

The equivalence 

Kj^ + Xb + XaiEi + Aa2£^2 + AasE^s + Aa4-E4 + Xa^E^ + XagEe + Aa7£'7 + Aag^^s ~Q {Kx + D) 
implies that there is a point Q G Ei L) E2 U E-^ U E4 L) Er, U Eq U Ei L) E^, such that the pair 

K-^ + XD + XaiEi + Aa2-E'2 + Aa3£^3 + Xa^E^ + Xa^E^, + XgqEq + XgtEi + XagEg 
is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

+ AZ) + aiA£;i 
is not log canonical at the point Q and so is the pair 

K-^ + XD + £^1 , since aiA < 1 . 
By adjunction (£'1, XD\e^) is not log canonical at Q and 

2oi - lai >2ai-a2 = b ■ Ei> multg (d ■ Ei) > ^ > 2 , 



which is false since ai < |. 
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• If Q € -El n £'2 then the log pair 

K<^ + \b + \aiEi + \a2E2 
is not log canonical at the point Q and so is the log pair 

Kj^ + XID + Ei + \a2E2 , since Aai < 1 . 
By adjunction it follows that 

2ai - a2 = D ■ El > multg (^D ■ Ei^ > - 02 > 2 - 02 , 

which is false since ai < 1. 

• U Q e E2hut Q ^ EiU E3 then 

K^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

+ \D + E2 , since Aa2 < 1 • 

By adjunction {E2, XD\e2) is not log canonical at Q and 
9 16 ~ 

— 02 > 2a2 - -02 - -a2 >2a2 — a\ — az = D-E2> multQ \D ■ E2J > — > 2 , 

which is false, since 02 < 

• If Q G £^2 n £^3 then the log pair 

K-^ + XD + Xa2E2 + XaaEs 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa2E2 + £3 , since Aas < 1 . 

By adjunction it follows that 
5 

2a3 - -as 
6 

which is impossible, since 03 < 1. 

• If Q G £3 but Q £2 U E4 then 

K^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + £3 , since Aa3 < 1 . 
By adjunction [E^, XD\e^) is not log canonical at Q and 

2a3 - ^03 - ^03 > 2a3 - 02 - 04 = • £3 > multQ (^-Dl^g^ > > 2 . 

and this implies that 03 > 4, which is impossible. 

• If (5 G £3 n £4 then the log pair 

K-^ + XD + Xa^Es + Aa4£4 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E3 + Aa4£4 , since Aa3 < 1 . 
By adjunction it follows that 

2 ~ N 1 

2^3 — ~ '^4 ^ 2a3 — 02 — 04 = D ■ £3 > multQ I^DIe^J > — — 04 > 2 — 04 , 

which contradicts 03 < 1. 
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— 02 > 203 - 02 - 04 = ■ £3 > multg (^D\e3^ > — 02 > 2 — 02 , 



• If Q € £^4 but Q £^3 U £5 then 

+ AZ) + Xa^E^ 

is not log canonical at the point Q and so is the pair 

4 8 

Kj^ + A-D + E4 , since Aa4 < -Xa^ < - . 

o y 

By adjunction (£4, A^Ie^) is not log canonical at Q and 

204 — ^04 — -04 > 204 — as — as = i) • £4 > multg (dIe^^ > — > 2 , 
4 5 V / A 

implies that a4 > ^ which is false. 

• li Q € E4 n then the log pair 

Kj^ + XD + Xa^E^ + Xa^E^ 

is not log canonical at the point Q and so is the log pair 

4 

Kj^ + A-D + £4 + Xa^E^ , since Aa4 < -Aas < 1 . 

o 

By adjunction it follows that 



2a4 — -a4 — as > 204 — as — as = -D • £4 > multg ^-D|e^^ > — — as > 2 — as 
which implies 04 > I and contradicts 04 < las < I. 



□ 



3.9. Del Pezzo surfaces of degree 1 with exactly one 04 type singularity. In this section 
we will prove the following. 



Lemma 3.10. Let X be a del Pezzo surface with at most one Du Val singularity of type D4 and 



K\ = 1. Then the global log canonical threshold of X is 



lct(X) = i . 

Proof. Suppose lct(X) < ^. Then there exists an effective Q-divisor D E X and a rational 

number A < ^, such that the log pair (X, XD) is not log canonical and D -^q —Kx- 

Let Z be the unique curve in | — Kx\ that contains P. Since the curve Z is irreducible we 

may assume that the support of D does not contain Z. 

We derive that the pair (X, A-D) is log canonical everywhere outside of a singular point P & X 

and is not log canonical at P. Let it : X ^ X he the minimal resolution of X. The following 

diagram shows how the exceptional curves intersect each other. 

B4- .fii ^Es ,B4 



.£2 

Then 

-D ~Q 7r*(-D) — ai-Ei — 02-^2 — as-Es — a4-E4 and Z ~q 7r*(Z) — Ei — E2 — 2E2 — E4 . 
Prom the inequalities 



0<D 


■ Z 


= 1 - 


as 


0<Ei 


D 


= 2ai 


- as 


<E2 


D 


= 2a2 


— 03 


< £s 


D 


= 2as 


- ai 


0<E4 


D 


= 2a4 


- as 
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we get the following upper bounds ai < 1, a2 < I, a-s < 1, a4 < 1. The equivalence 
Kj^ + XD + XaiEi + \a2E2 + Xa^E^ + Aa4-E4 ~q ■n*{Kx + XD) 

implies that there is a point Q € Ei U E2 U E^ U E4 such that the pair K-^ + XD + Aai^^i + 
Aa2-E2 + XasEs + Xa4E4 is not log canonical at Q. 

• If the point Q e Ei and Q ^ E^ then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

+ Xi) + El . 

By adjunction {Ei, XD\ei) is not log canonical at Q and 

2ai-a3 = D-Ei> multQ (d\e,) = multg • £^1) > 2 , 



which along with the inequalities 03 < 2ai, 03 < 2a2, 01 + 02 + 04 < 203, 03 < 204 
implies that oi > 2 which is false. 

• If Q e E3 hut Q ^ EiU E2D E4 then 

Kj^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Es, since Xas < 1 . 
By adjunction (£'3, XDIe^) is not log canonical at Q and 

203 - 01 - 02 - 04 = -D ■ -E^i > multQ (^D\e^^ = multQ ■ E^^ > 2 , 

which along with 03 < 2ai, 03 < 2a2, 03 < 204 implies that 03 > 4 which is false. 

• If Q e EiCiEs then the log pair 

Kj^ + XD + XaiEi + Aa3£;3 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Ei + XasEa . 
By adjunction it follows that 

2ai-a3 = D-Ei> multg (^D\ei) = multg (l> • Ei) > 2 - 03 . 
and this implies that ai > 1 which is not possible. 

□ 

3.10. Del Pezzo surfaces of degree 1 with exactly one D5 singularity. In this section we 
will prove the following. 

Lemma 3.11. Let X be a del Pezzo surface with exactly one Du Val singularity of type ID5 and 
K\ = 1. Then the global log canonical threshold of X is 

lct{X) = 1 . 

Proof. Suppose that lct{X) < ^, then there exists a Q-divisor D G X and a rational number 
A < ^, such that the log pair {X,XD) is not log canonical and D ~q —Kx- We derive that 
the pair {X, XD) is log canonical outside of a point P e X and not log canonical at P. Let 
TT : X — > X be the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

B5. ^Ei ^Es ^£4 ^Es 



^E2 
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Then 

D TT*{D)-aiEi-a2E2-2a3E3-2a4Ei-a5E5 and Z ~q 7r*{Z)-Ei-E2-2E3-2E4-E5 
From the inequahties 



0<D 


■ Z 


= 1 - 


2 04 


0<Ei' 


■D 


= 2ai 


-203 


0<E2 


■D 


= 2a2 


-2a3 


< Eg • 


D 


= 4a3 


- ai - 


< £^4 • 


D 


= 4a4 


-2a3 


0<E5' 


D 


= 2a5 


— 2a4 



05 



we see that ai < |, 02 < |, as < |, 04 < ^, 05 < 1. The equivalence 

Kj^ + XD + XaiEi + Aa2-E2 + 2Aa3£;3 + 2Aa4£^4 + Xa^E^ ~q tt*{Kx + AD) 
imphes that there is a point Q G U £^2 U £^3 U £^4 U such that the pair 
Kj^ + Xb + XaiEi + Xa2E2 + 2Aa3£;3 + 2Aa4-B4 + Xa^E^ 
is not log canonical at Q. 

• If the point Q G Ei\E3 then 

K^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

K^ + XD + Ei . 
By adjunction {Ei, XD\ei) is not log canonical at Q and 

2oi -2a3 = D-Ei> multg (d|ei) = multg (l> • £1) > 2 , 

which along with the inequalities 03 < ai, as < 02, ai + 02 + 2a4 < 4as, a4 < as, 4a4 
2as — 05 implies that ai > | which is false. 

• U Q e E3 hut Q ^ EiU E2U Ei then 

Kj^ + Xb + 2Xa3E3 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3, since 03 < 1 . 
By adjunction {E3, XD\es) is not log canonical at Q and 

4a3 - ai - a2 - 2a4 = -D • £;3 > multg (^DIes^ = multg (^D ■ E3^ > 2 , 

which along with the inequalities 03 < ai, as < 02, ai + a2 + 2a4 < 4as, a4 < as, 4a4 
2as ^ 0,5 implies that ai > 3 which is false. 

• If (5 G ^1 n £^3 then the log pair 

K-^ + XD + XaiEi + 2Aa3£;3 
is not log canonical at the point Q and so are the log pairs 

K-^ + XD + Ei + 2Xa3E3 and K-^ + XD + XaiEi + E3 . 
By adjunction it follows that 

2ai - 2a3 = b ■ Ei> multg {b\E^ = multQ (^b ■ Ei^ > 2 - 2a3 . 

and 

4a3 — ai — 02 — 2a4 = b ■ E3 > multg (^b\Es^ = multg (^D • £3^ > 2 — ai . 
which is not possible. 
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• Q G Er\Ei then the log pair 

Kj;r + Xb + Xa^E^ 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + E5 . 
By adjunction (E^, XD\Er,) is not log canonical at Q and 

2a5 -2a4 = D-E5> multg (^D\e,) = multg (^i) • ^5) > 2 , 
which along with the inequalities 

0-3 < ai, as < a2, oi + 02 + 204 < Aas, 2a3 + 05 < 4a4, 04 < 05 

implies that 05 > 2 which is false. 

• Q e E4\{E3 n £^5) then the log pair 

Kj^ + XD + Xa^Ei 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei . 
By adjunction (^4, XD\e^) is not log canonical at Q and 

4a4 - 2a3 - a5 = i) ■ E4 > multQ ^-Dl^^^ = multQ • E^^ > 2 , 
which along with the inequalities 

0-3 < «i) «3 < 02, oi + a2 + 2a4 < 4a3, 2a3 + 05 < 4a4, 04 < 05 

implies that 04 > 2 which is false. 

• Q G £^4 n £^5 then the log pair 

Kj^ + XD + 2Aa4-E4 + \a5E5 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E5 + 2Aa4-E4 . 
By adjunction it follows that 

2a5 -2a4 = D-E5> multg (^D\e5^ = multg (^D ■ E^^ > 2 - 2a4 • 
and we see then that as > 1 which is not possible . 

□ 

3.11. Del Pezzo surfaces of degree 1 with exactly one De singularity. In this section we 
will prove the following. 

Lemma 3.12. Let X be a del Pezzo surface with exactly one Du Val singularity of type and 
= 1. Then the global log canonical threshold of X is 

lct{X) = i . 

Proof. Suppose that lct{X) < ^, then there exists a Q-divisor D ^ X and a rational number 
A < ^, such that the log pair {X,XD) is not log canonical and D ~q —Kx- We derive that 
the pair {X, XD) is log canonical outside of a point P e X and not log canonical at P. Let 
TT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

Be. .El .E3 .E4 .E5 ^Eq 



.E2 
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Then 

D ~Q 7r*{D)-aiEi-a2E2-2a3Es-2aiE4-2a5E5-a6EQ and Z ~q Tr*{Z)-Ei-E2-2E3-2E4-2E5-Ee . 
From the inequahties 



0<D 


■ Z 


= 1 - 


2a5 




0<Ei 


D 


= 2ai 


-2a3 




0<E2 


D 


= 2a2 


-2a3 




0<E3 


D 


= 4a3 


- ai - 


- 02 — 2a4 


0<E4 


D 


= 4a4 


-2a3 


-2a5 


0<E5 


D 


= 4a5 


— 2a4 


- ae 


0<Ee 


D 


= 2aQ 


- 2a5 





we see that ai < |, 02 < |, 03 < 1, 04 < |, 05 < ^, ae < 1. The equivalence 

K.^ + XD + XaiEi + \a2E2 + 2Aa3£;3 + 2Aa4£^4 + 2Aa5£;5 + Xa^E^ ~q 'k*{Kx + AD) 
imphes that there is a point Q G £'1 U £^2 U £^3 U £^4 U U such that the pair 

K^ + Xb + XaiEi + Aa2-E2 + 2Aa3£;3 + 2Aa4£;4 + 2Xar:>E^ + XaeEs 

is not log canonical at Q. 

• If the point Q G Ei\E3 then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

K^ + XD + Ei . 
By adjunction (Ei, XD\e^) is not log canonical at Q and 

2ai -2a3 = D-Ei> multQ (^D\ei^ = multg (^D ■ Ei^ > 2 , 

which is false. 

• If Q G -£3 but Q ^ U £;2 U E4 then 

K-^ + XD + 2Xa3E3 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3, since 03 < 1 . 
By adjunction {E3, XDIe^) is not log canonical at Q and 

4a3 - ai- a2-2a4 = D ■ E3> multg (^D\e3^ = multg (^D ■ Es^ > 2 , 

which is false. 

• If Q G n £^3 then the log pair 

Kj^ + XD + XaiEi + 2Aa3£^3 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + Ei + 2Xa3E3 and K^ + XD + XaiEi + E3 . 
By adjunction it follows that 

2ai - 2a3 = b ■ Ei> multQ {p\E^ = multg {d ■ Eij > 2 - 203 . 

and 

4a3 — ai — 02 — 2a4 = D ■ E3 > multg (^D\e3^ = multQ (^D ■ £3^ > 2 — ai 
which is false. 
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If Q € -Es n i?4 then the log pair 

+ \D + 2XasEi + 2Xa4E4 
is not log canonical at the point Q and so arc the log pairs 

Kj^ + XD + E3 + 2XaiE4 and Kj^ + XD + 2Xa^E2, + Ea^ . 
By adjuction 

4o3 - ai - 02 - 2a4 = i) • £^3 > multg {p\E^ = multQ [d ■ E^j > 2 - 2a4 
and 

4a4 - 2a3 - 205 = f> • £^4 > multQ (^-Dli;^ j = multg • £4) > 2 - 2a3 . 
which is false. 

If the point Q e E^XiE^ U E5) then 

Kj^ + XD + 2Xa4E4 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 . 
By adjunction {E4, XDIe^) is not log canonical at Q and 

4a4 - 2a3 - 2a5 = £» • £4 > multg (^D\e4^ = multg (^I) ■ £4) > 2 , 
which is false. 

Q G E5\{E4 U ^e) then the log pair 

+ A£» + 2Aa5£;5 
is not log canonical at the point Q and so is the pair 

K^ + XD + E5 . 
By adjunction (£5, XD\Eg) is not log canonical at Q and 

4a5 - 2a4 - ae = -D • £5 > multg (^I^Ies) = multg (^i) • £5^ > 2 , 
which is false. 

li Q e E4 n E5 then the log pair 

K-^ + XD + 2Xa4E4 + 2Aa5£;5 
is not log canonical at the point Q and so are the log pairs 

K-^ + XD + E4 + 2Xa^E^ and Kj^ + Xb + 2Xa4E4 + £5 . 
By adjuction 

4a4 - 2a3 - 2a5 = D ■ E4 > multg (JD\e4^ = multg (j^ ■ £"4^ > 2 - 205 

and 

4a5 - 2a4 - ae = D ■ E5 > multg (^-Dlfig^ = multg • £5^ > 2 - 2a4 . 
Q e £5\(£4 U Ee) then the log pair 

K^ + XD + 2Aa5£5 
is not log canonical at the point Q and so is the pair 

if^ + A£> + £5 . 
By adjunction (£5, Ai^l^g) is not log canonical at Q and 

4a5 - 2a4 - 06 = -D ■ £5 > multg (^bg) = multg (^£> • £5) > 2 , 
which is false. 
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• If Q G n Eq then the log pair 

Kj^ + XD + 2Xa^Ez + Xa^E^ 
is not log canonical at the point Q and so is the log pair 

K^ + XD + 2Xa5E5 + Eq . 

By adjuction 

2a6 -2a5=D-E6> multQ (^DIeb) = multg (^D ■ Eq^ > 2 - 205 . 

which is false. 

• If the point Q G Eq\E5 then 

Kj^ + XD + XaeEe 
is not log canonical at the point Q and so is the pair 

K^ + XD + Ee . 
By adjunction {Eq, Ai^l^g) is not log canonical at Q and 

2a6 -2a5 = D-EG> umltg (^D\e^^ = multg (^D ■ Eq^ > 2 , 
which is false. 

□ 

3.12. Del Pezzo surfaces of degree 1 with exactly one By singularity. In this section we 
will prove the following. 

Lemma 3.13. Let X be a del Pezzo surfaee with exaetly one Du Vol singularity of type By and 
K\ = 1. Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Suppose that lct(X) < |, then there exist a Q-divisor D X and a rational number 
A < |, such that the log pair {X,XD) is not log canonical and D ~q —Kx- We derive that 
the pair {X, XD) is log canonical outside of a point P E X and not log canonical at P. Let 
TT : X — > X be the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

By. ^Ei ^Es ^£4 ^Eq ^Ej 



Then 



D ~Q — aiEi — a2-E'2 — cl^E^ — a^E^ — a^E^ — uqEq — ayE'y and 

Z ~Q TT* (Z) - El - E2 - 2E3 - 2E4^ - 2E5 - 2Eq - E7 . 
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From the inequalities 



0<D-Z = l-ae 

0<Ei-D = 2ai - 03 

0<E2-D = 202-03 

< ■ D = 203 — 01 — 02 — 04 

< E^- D = 2o4 — 03 — 05 

< E5 ■ D = 2o5 — 04 — 06 

< Eq ■ D = 2o6 — 05 — 07 

0<EtD = 207 - 06 



we see that oi < |, 02 < |, 03 < | 
the inequahties 



2' 



(14 < f = 2, 05 < I 



25 (16 < I = 1, a? < 1 ■ Moreover we get 



207 > Gq, —gq > 05, —05 > 04, —04 > 03 



and 



2oi > 03, 2o2 > 03, 03 > 04 > 05 > 06 > 07 . 



The equivalence 

K-^ + XD + XaiEi + Ao2£^2 + Ao3£;3 + A04-B4 + Xa^E^ + XaeEa + XarEr ~q '!r*{Kx + XD) 

implies that there is a point Q G £1 U £^2 U E's U £^4 U £^5 U i?6 U £'7 such that the pair 

Kj^ + AL* + Aoi^i + Ao2-E'2 + Xa^E^ + Ao4£4 + Xa^E^ + XuqEq + Xa^E^ 

is not log canonical at Q. 

• If the point Q G Ei\E3 then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 




which is false. 
• If Q G £^1 n £3 then the log pair 

K-^ + XD + XaiEi + Ao3£3 



is not log canonical at the point Q and so is the log pair 

Kj^ + AD + Aai£i + £3, since Aos = 1 . 
By adjunction (£^3, XD\E-i) is not log canonical at Q and 




implies that 



7 > 77^(^3 ^ 203 -03 > 203 — O2 — 04 > - 



which is a contradiction. 
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If Q € £^3 but Q ^ Ei\JE2\JEi then 

is not log canonical at the point Q and so is the pair 

Kj^ + \D + E^, since Xa^ < 1 . 
By adjunction (E^, XDIe^) is not log canonical at Q and 

2a3 - ai - a2- a4 = D ■ E3> multg (^D ■ Es^ > > 2 , 
implies that 

1 03 „ ^3 03 4 5 

2 > y > 203 - y - y - -03 > 2a3 - 02 - a4 > - 

which is a contradiction. 

If Q e E3 n E4 then the log pair 

K-^ + XD + Xa^E^ + Xa4E4 

is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E3 + Xa4E4, since Xa^ < 1 . 

By adjuction 

203 - Y - Y - 04 > 203 - ai - 02 - 04 = i) • £;3 > multQ (^D ■ E^^ > ^ - 04 , 
which is false. 

If the point Q G E4\{Es U £^5) then 

Kj^ + XD + Xa4E4 

is not log canonical at the point Q and so is the pair Kj^ + XD + E4. By adjunction 
(£^4, XD\e4) is not log canonical at Q and 

2a4 - as - a5 = D ■ E4> multg (J^\e4^ = multg (j^ ■ £^4^ > ^ , 
which is false. 

If Q G £4 n £5 then the log pair 

K-^ + XD + XaiEi + Xa^E^ 
is not log canonical at the point Q and so are the log pairs 

K-^ + XD + E4 + XuqE^ and Kj^ + XD + Aa4-£4 + £5 • 
By adjuction 

2a4 - as - 05 = £> • £4 > multQ ^-DIe^^ = multg (^D ■ £4^ > ^ - 05 

and 

205 - 04 - ae = -D ■ £5 > multQ ^-D|Bg^ = multQ (^D ■ £5 j > ^ - 04 . 

which is false. 

Q e E5\{E4 U Eq) then the log pair 

Kj^ + XD + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + Xb + Er, . 

By adjunction (£5, XD\ez) is not log canonical at Q and 

2a5 - 04 - ae = -D • £5 > multQ (^-D|b5^ = multg ^L* ■ E^ > ^ , 
which is false. 
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If Q e n Eq then the log pair 

K-^ + \D + \a5E5 + XaeEQ 
is not log canonical at the point Q and so are the log pairs 

K.^ + XD + Xa^E^ + Ee and K-^ + XD + E5 + Xa^E^ . 
By adjuction 

2ae- a5 - ar = i) ■ Eq> multg (^D\Ee) = multg (^D • E^e) > ^ 

and 

2a5 - a4- ae = i) ■ E5 > multg (d\e5^ = multQ (^D ■ E^^ > ^ 
which is false. 

If the point Q G Ee\{E5 U E7) then 

+ XD + Xa^EQ 
is not log canonical at the point Q and so is the pair 

K^ + D + Ee . 

By adjunction (Eq, XD\eq) is not log canonical at Q and 

2a6 - - ar = D ■ Ee> multQ (^D\e6^ = multQ ^L* ■ Eq^ > 
which is false. 

U Q e EqCiEj then the log pair 

Kj^ + XD + XaQEe + AayE^y 
is not log canonical at the point Q and so is the log pair 

K-^ + XD + XaeEe + E-j . 

By adjuction 

5 



2a'j-aQ = b-E'j> multQ {p\E-j^ = multg (^D ■ Erj 



> 



which is false. 

If the point Q G E'j\Eq then 

K^ + XD + Xa^E-! 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E-j . 
By adjunction {E-j, XD\e^) is not log canonical at Q and 

2a7-aQ = b-ET> multg (^b\E^^ = multg (^D ■ E-j^ > 
which is false. 

44 



3.13. Del Pezzo surfaces of degree 1 with exactly one Ds singularity. In this section we 
will prove the following. 

Lemma 3.14. Let X he a del Pezzo surface with exactly one Du Val singularity of type Bg and 
K\ = 1. Then the global log canonical threshold of X is 



Proof. Suppose that lct{X) < g, then there exists a Q-divisor D & X and a rational number 
A < ^, such that the log pair {X,XD) is not log canonical and D —Kx- We derive that 
the pair (X, \D) is log canonical outside of a point P e X and not log canonical at P. Let 
TT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 



^E2 

Then 

D ~(Q 7r*(-D) — aiEi — 0,2 i?2 — o?,E?, ~ a,/iE/i — a^jE^ — uqEq — qtE-j — a^E^ and 
Z 7r*{Z)-Ei-E2-2E3-2E4-2E5-2EQ-2E7-asE8 . 

Prom the inequalities 



0<D 


■ z 


= 1 - 


07 




0<Ei 


D 


= 2ai 


-03 




< £'2 


D 


= 2a2 


-03 




< £3 


D 


= 2a3 


- ai - 


02 - 04 


< E.I 


D 


= 204 


-03 - 


05 


< £5 


D 


= 205 


— 04 — 


06 


< £^6 


D 


= 2aQ 


— 05 — 


07 


< £7 


D 


= 2ar 


- 06 - 


08 


< ^8 


D 


= 2as 


- 07 





we see that oi < |, 02 < |, 03 < 3, 04 < |, 05 < 2, oe < |, 07 < 1, os < 1 . Moreover we get 
the inequalities 

2oi > 03, 2o2 > 03 > 04 > 05 > 06 > 07 > og 

and 

3 4 5 6 

2og > 07, -07 > 06, -06 > 05, -05 > 04, -04 > 03 . 

The equivalence 

Kj^ + XD + XaiEi + \a2E2 + XasEs + Xa^E^ + Xa^E^ + Xa^EQ + XarEj + Aog^g ~Q vr* {Kx + XD) 
implies that there is a point Q € £1 U £2 U £3 U £4 U £5 U U £7 U -Eg such that the pair 

+ AI? + XaiEi + Ao2-E'2 + Ao3i?3 + Ao4£4 + Xa^E^ + Aoe-^e + Xa7E7 + XagEg 
is not log canonical at Q. 

• If the point Q G Ei\E2 then 

Kj^ + XD + XaiEi 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + El , since Aoi < 1 . 
45 



By adjunction (Ei, XD\ei) is not log canonical at Q and 

2ai-a3 = D-Ei> multg (^D\e^^ = multg (^D ■ Ei^ > 3 , 

which is false. 

• li Q & EiCiE^ then the log pair 

Kj^ + XD + XaiEi + Xa^Es 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Aai£^i + £'3, since Xa^ < 1 . 
By adjunction {E3, A-Dl^g) is not log canonical at Q and 

2a3 — ai — a2 — = D ■ E3 > multQ (^DIe^^ = multg (^D ■ E^j > 3 — ai , 
implies that 

2 as 5 

2 > -as > 2as - Y - -as > 2as - 02 - 04 > 3 

which is false. 

• U Q € E3 hut Q ^ EiU E2U Ei then 

K<^ + XD + Aas^s 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Eq, , since Aas > 1 • 
By adjunction (£'3, XD\es) is not log canonical at Q and 

^ > y > 2as - y - y - ^as > 203 - ai - a2 - 04 = ^ • £3 > multg • £3^ > 3 , 

which is false. 

• If Q G £3 n £4 then the log pair 

K-^ + XD + Aas^s + Aa4£4 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E3 + XaiEi . 
By adjunction (£3, XD\e^) is not log canonical at Q and 

■ 04 > 203 — ^ — ^ — 04 > 2a3 — ai — a2 — tti = i) ■ E3 > multg (d ■ E^) > — — 04 > 3 — 

which is false. 

• If the point Q € E4\{E3 U £5) then 

Kj^ + XD + Xa^Ei 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei, since Aa4 < 1 . 
By adjunction (£4, XD\Ei) is not log canonical at Q and 

T ^ ""<^4 ^ 2a4 — a4 — ^04 > 2a4 — — = D ■ Ei> multo (d ■ £4) > ^ > 3 , 
4 5 5 V / A 

which is false. 

• If Q G £4 n £5 then the log pair 

K-^ + XD + XaiEi + Xar,Er, 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + Ei + Xa^E^ and K^ + XD + XaiEi + £5 . 
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By adjuction 

£14 — 05 > 2a4 — — = D ■ > multg (JD ■ E^j > — — 05 > 3 — 05 . 

which is a contradiction. 

Q G E5\{E4 U Eq) then the log pair 

+ XD + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K<^ + XD + E5 . 
By adjunction (E5, XD\e^) is not log canonical at Q and 

2a5 - a4 - qq = D ■ E5 > multg (^D\e^^ = multQ ■ E^^ > 3 , 
which is false. 

li Q e E5 n Eq then the log pair 

+ XD + Xa^E^ + XaeEe 
is not log canonical at the point Q and so arc the log pairs 

Kj^ + XD + Xa^E^ + Eq and K^ + Xb + E5 + Xa^EQ . 
By adjuction 

2a6 - a5 - aj = D ■ Eq > multg (^D\Ee^ = multQ (^D ■ Eq^ > 3 - 05 

and 

2a5 - 04 - ae = ■ -E5 > multg ^-D|Bg j = multQ (^D ■ E^^ > 3 - uq . 
which is false. 

If the point Q G Eq\{E5 U E7) then 

Kj^ + XD + XqqEq 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Eq . 
By adjunction {Eq, XD\Ee) is not log canonical at Q and 

2aQ- as - = D ■ Eq> multQ (^DIeb) = multQ ^L* ■ Eq^ > 3 , 
which is false. 

If Q e EqDE-^ then the log pair 

K.^ + XD + XqqEq + XarEj 
is not log canonical at the point Q and so is the log pair 

K-^ + XD + XuqEq + E7 . 

By adjuction 

2a7 — qq — a% = D ■ El > multQ (^\e-^ = multQ • E-j^ > 3 — qq . 
which is false. 

If the point Q e E'j\{Eq U E^) then 

K^ + XD + XujEy 
is not log canonical at the point Q and so is the pair 

Kj^ + Xi) + Et . 
By adjunction {E^, A^l^;^) is not log canonical at Q and 

2a7 - qq - as = D ■ Et > multQ (^D\et^ = multQ (^D ■ E^^ > 3 , 
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which is false. 

• If Q e Et n Es then the log pair 

K-^ + XD + XarEj + XasEs 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa-jE-j + E^ . 

By adjuction 

2as-a7 = b-Es> multg {p\E^ = multg (^D ■ Es^ > 3 - 07 . 

which is false. 

• If the point Q G Es\E'7 then 

Kjj. + XD + XasEs 
is not log canonical at the point Q and so is the pair 

K^ + XD + Es . 
By adjunction {Eg, XD\Ea) is not log canonical at Q and 

2a8-a7 = D-E8> multg (^D\es) = multg (^D ■ Eg^ > S , 
which is false. 

□ 

3.14. Del Pezzo surface of degree 1 with exactly an Eg type singular point. In this 
section we will prove the following. 

Lemma 3.15. Let X be a del Pezzo surface with exactly one Du Vol singularity of type Eg and 
K\ = 1. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose that lct(X) < |, then there exists a Q-divisor D ^ X and a rational number 
A < |, such that the log pair {X,XD) is not log canonical and D ~q —Kx- We derive that 
the pair (X, AD) is log canonical outside of a point P G X and not log canonical at P. Let 
IT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

Eg. ^E2 ,E3 ,£5 ,E6 



Then 

D ~Q TT*{D) — aiE\ — 2a2E2 — Sa^E^ — 204^^4 — 2a^E^ — uqEq 

and 

Z ~Q 7r*(Z) -El- 2E2 - 3E3 - 2E4 - 2E5 - Eq . 

The inequalities 



< r> 


• z 


= 1 - 


2a4 




< -Bi 


D 


= 2ai 


-2a2 




< £^2 


D 


= 40,2 


— Oi - 


- 303 


< £^3 


D 


= 603 


-202 


— 2a4 


< £4 


D 


= 404 


— 803 




0<£5 


D 


= 405 


- 303 


- ae 


< ^6 


D 


= 2a6 


- 205 
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imply that ai = og < |, ^2 = 05 < |) 0-3 ^ |) 04 ^ f • The equivalence 

+ XD + XaiEi + 2Xa2E2 + SAosE's + 2Xa4E4 + 2Xa5E5 + Xa^E^ ~q 'n*{Kx + XD) 
implies that there is a point Q € -Ei U -E2 U i^s U £'4 U -E5 U -Eg such that the pair 
K^ + Xi) + XaiEi + 2Xa2E2 + SAaa^a + 2Aa4-E4 + 2Aa5E5 + Aae-Ee 

is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

is:^ + Ai) + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El since Aai < 1 . 
By adjunction (Ei, Ai^lci) is not log canonical at Q and 

2ai - 2a2 = E» • El > multQ (^-D|ei^ = multg (^E> • Ei^ > 3 , 

which is false. 

• If the point Q e Ei n E2 then 

Kj^ + XD + XaiEi + 2Xa2E2 
is not log canonical at the point Q and so are the pairs 

K^ + XD + Ei + 2Xa2E2 and Kj^ + XD + AEi + E2 . 
By adjunction 

2ai - 2a2 = E> • El > multg (^D\ei^ = multg (^D ■ Ei^ > 3 - 2a2 and 

4a2 - ai - 3a3 = E> • E2 > multg (^D\e2^ = multQ (^D ■ E2^ > 3 - ai , 

which is false. 

• If the point Q e E2\(Ei U E3) then 

K^ + XD + 2Aa2E2 
is not log canonical at the point Q and so is the pair 

if^ + AE> + E2 . 

By adjunction 

4a2 - ai - 3a3 = -D • E2 > multg (^DIe^) = multg (^E> • E2) > 3 , 

which is false. 

• If the point Q G E2 n E3 then 

i^^ + AE> + 2Aa2E2 + 3Aa3E3 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E2 + SXasEs and Kj^ + XD + 2Xa2E2 + E3 . 
By adjunction 

4a2 - 3a3 - ai = ■ E2 > multg (^D\e2^ = multg (^D ■ E2 j > 3 - 3a3 and 
and 

603 - 2a2 - 2a4 - 2a5 = E> • E3 > multg (^D\e3^ = multg (^D ■ E^^ > 3 - 2a2 , 
which is false. 
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• If the point Q € E3\{E2 U U E5) then 

K^ + XD + SXa^Es 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3 . 
By adjunction (£'3, A_Dl£'3) is not log canonical at Q and 

603 - 2a2 - 2a4 - 2a5 = D ■ E3 > multg (^D\e3^ = multg (^D ■ E^^ > 3 , 

which is false. 

• If the point Q & E^ n E4 then 

Kj^ + XD + SXasEs + 2Aa4^4 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E3 + 2XaiEi and K^ + XD + SAas^^a + £^4 • 
By adjunction 

603 — 2a2 — 2a4 — 205 = D ■ E3 > multg ^^l^s^ = multg (^D ■ E^j > 3 — 2a4 and 

4a4 - 3a3 = L» • £^4 > multg (^D\e4^ = multg (^D ■ E^j > 3 - 3a3 , 

which is false. 

• If the point Q G -£4\£3 then 

K-^ + XD + 2Aa4£^4 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4. 
By adjunction (£^4, XDIe^) is not log canonical at Q and 

4a4 - 3a3 = £» • £^4 > multQ (J^Ie^'^ = multg • E4) > 3 , 
which is false. 



□ 



3.15. Del Pezzo surface of degree 1 with exactly one E7 type singularity. In this section 
we will prove the following. 

Lemma 3.16. Let X be a del Pezzo surface with exactly one Du Val singularity of type E7 and 
= 1. Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Suppose that lct(X) < |, then there exists a Q-divisor D G X and a rational number 
X < J, such that the log pair {X,XD) is not log canonical and D ~q —Kx- We derive that 
the pair {X, XD) is log canonical outside of a point P e X and not log canonical at P. Let 
TT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 



^E4 

Then 

D ~Q 7r*(£>) — 2ai£i — 3a2£2 — 4a3£3 — la^E^ — Sa^E^ — 2aQEQ — ajE-j 
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and 

Z ~Q 7r*(Z) - 2^1 - 'iEi - ^E-i - 2E4 - 3E5 - 2Eq - E7 

The inequalities 



u S U 


■ z 


-j^ 


zai 




U S El 


u 


= 4ai 


— 002 




< E2 


b 


= 602 


- 2ai 


- 4o3 


0<E3 


b 


= 803 


- 802 


- 305 


0<E4 


b 


= 4a4 


-4a3 




0<^5 


b 


= 605 


-403 


- 2o6 


0<Ee 


b 


= 4a6 


- 305 


- 07 


0<E7 


b 


= 2a7 


- 206 





2o4 



imply that oi < 2) QI2 < 3, 03 < |, 04 < ^, 05 < |, oe < 1, 07 < | . The equivalence 

+ AZ) + 2Aoi^i + 3Aa2£;2 + 4Ao3^3 + 2Aa4£;4 + 3A05K5 + 2Aa6£;6 + Aa7£;7 = ti*{Kx + XD) 
implies that there is a point Q G i^i U £'2 U £"3 U i?4 U i?5 U i^g U £"7 such that the pair 

Kj;r + \b + 2Aoi£i + 3Aa2-E2 + 4Aa3£3 + 2Ao4£4 + SAos^s + 2Ao6£6 + Ao7£7 
is not log canonical at Q. 

• If the point Q € Ei and Q ^ E2 then 

Kj^ + Xb + 2Aoi£i 
is not log canonical at the point Q and so is the pair 

K^ + \b + El since 2Aoi < 1 . 
By adjunction (Ei, XD\e^) is not log canonical at Q and 

4oi - 3o2 = ^ • -El > multQ (^b\Ej_^ = multg (^b ■ Ei^ > 4 , 

which is false. 

• If the point Q G -Ei n £2 then 

Kj^ + Xb + 2XaiEi + 3Aa2£2 
is not log canonical at the point Q and so are the pairs 

K^ + Xb + Ei + 3Xa2E2 and Kj^ + Xb + 2XaiEi + E2 . 
By adjunction 

4oi - 3a2 = b ■ Ei> multQ (^-D|e^^ = multg (^b ■ Ei^ > 4 - 802 and 

and 

602 - 2oi - 4o3 = £» • £2 > multQ (JD\e2^ = multg (^b ■ E2^ > 4 - 2oi , 

which is false. 

• If the point Q G -E2\(-Ei U E3) then 

K^ + Xb + 3Ao2£2 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + E2 . 

By adjunction 

602 - 2oi - 4o3 = £» • £2 > multQ (^b\E2^ = multQ (^b ■ E2^ > 4 , 
which is false. 
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• If the point Q G -^2 n £'3 then 

Kj^ + XD + 3Xa2E2 + 4Aa3£;3 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E2 + AXasEs and Kj^ + XD + 3Aa2-E2 + E3 . 
By adjunction 

602 - 2ai - 4a3 = D ■ E2> multg (J^\e2^ = multQ (^D ■ E2^ > 4 - 4a3 and 
and 

803 - 3a2 - 3a5 - 2a4 = • £^3 > multQ (^-D|b3 j = multQ (^D ■ Es^ > 4 - 802 , 

which is false. 

• If the point Q e E3\{E2 U E^ U E5) then 

K^ + XD + AXasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3 . 
By adjunction (£3, XDIe^) is not log canonical at Q and 

803 - 3a2 - 2a4 - Sqq = D ■ E3 > multg = multg (jj ■ E^^ > A , 

which is false. 

• If the point Q & E^r^E^ then 

K^ + Xb + AXa2,E3 + 2Aa4-E'4 
is not log canonical at the point Q and so are the pairs 

K^ + XD + E3 + 2Aa4-E4 and K^ + Xb + AXa^E:^ + £4 . 
By adjunction 

803 — 802 — 2a4 — 805 = i) ■ E3 > multg ^I)|e3 j = multg (^D ■ E^^ > 4 — 2a4 and 
and 

4a4 - 4a3 = D • £4 > multg (-Dle^) = multg (^D ■ E^^ > 4 - 4a3 , 

which is false. 

• If the point Q G E4\E3 then 

Kj^ + XD + 2Xa4E4 
is not log canonical at the point Q and so is the pair 

+ Xb + E4 . 

By adjunction (£4, AZ^I^^) is not log canonical at Q and 

4a4 -4a3 = b ■ E4> multg (b\E4^ = multg (^b ■ £4^ > 4 , 

which is false. 

• If the point Q e E^DE^ then 

Kj^ + Xb + 4Xa3E3 + SXa^E^ 
is not log canonical at the point Q and so are the pairs 

K^ + Xb + E3 + SXa^E^ and Kj^ + Xb + AXaaEs + £5 . 
By adjunction 

803 - 802 - 2a4 - 805 = b ■ E3> multg ^-D|e3^ = multg (^b ■ £3^ > 4 — 805 and 
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and 

6a5 - 4a3 -2aQ = D ■ E^> multg (p\E^ = multg (d ■ > 4 - Aa^ , 
which is false. 

If the point Q € E^XiE^ U Eq) then 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + E5 . 
By adjunction (£^5, XD\e^) is not log canonical at Q and 

605 - 4a3 -2a6 = D-E5> mulig (^DIe^^ = multg (^D ■ E^^ > 4 , 
which is false. 

If the point Q & E^ n Eq then 

K^ + XD + 3Xa5E5 + 2XaeEQ 
is not log canonical at the point Q and so are the pairs 

K-^ + XD + E5 + 2XaQEe and Kj^ + XD + SXa^E^ + Eq . 
By adjunction 

605 - 4a3 - 2a6 = £> ■ E5 > multg ^-D|^;5^ = multg • £^5^ > 4 - 2aQ and 
and 

4a6 - 805 — a-j = b ■ Eq> multQ ^-D|Bg^ = multg [d ■ E^ > 4 - 805 , 
which is false. 

If the point Q G -EeXl-Es U E^) then 

K^ + Xb + 2XaQEQ 
is not log canonical at the point Q and so is the pair 

Ki^ + Xb + EQ . 
By adjunction [Eq,XD\eq) is not log canonical at Q and 

4a6 - 805 - a7 = £> ■ > multQ (^^'Ifig) = multg {b ■ E^ > 4 , 
which is false. 

If the point Q e -Ee n £^7 then 

Kj^ + Xb + 2XaQEQ + Xa-jE'j 
is not log canonical at the point Q and so are the pairs 

Kj^ + Xb + Eq + Xa-jE-j and K^ + Xb + 2XaeEe + Er . 
By adjunction 

4a6 — 3a5 — = b ■ Eq > multQ ^ZJl^g^ = multQ (^b ■ Eq^ > 4 — 07 and 
and 

2a7 -2aQ = b-E-j> multQ = multQ (^^•-57) > 4 - 2aQ , 

which is false. 
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• If the point Q € Ey\Eq then 

K<^ + XD + XajEj 
is not log canonical at the point Q and so is the pair 

K^ + XD + Et . 
By adjunction [E-j ,XD\e-j) is not log canonical at Q and 

2a^ -2aQ = b-ET> multg {p\E^^ = multg {d ■ E-j^ > 4 , 
which is false. 

□ 

3.16. Del Pezzo surface of degree 1 with exactly one Eg type singular point. In this 

section we will prove the following. 

Lemma 3.17. Let X he a del Pezzo surface with exactly one Du Val singularity of type Eg and 
K\ = 1 . Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose that lct(X) < | , then there exists a Q-divisor Z? G X, such that the log pair 
{X,XD) is not log canonical for a rational number A < | and D ~q —Kx- Wc derive that 
the pair {X, XD) is log canonical outside of a point P ^ X and not log canonical at P. Let 
TT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

Eg. ^Ei ^E2 ^Es ,£5 .Se ^Er ^Es 



,E4 

Then 

D ~Q 7r*(D) - 2aiEi - 402^^2 - Qa^E^ - SaiEi - ba^E^ - Aq^Eq - SajEr - 2asEs 

and 

Z ~Q 7r*{Z) - 2Ei - 4^2 - QE3 - 3E4^ - 5E5 - AEq - 3E7 - 2^8 . 
We have the inequalities 



0<D 


■Z 


= l-2a8 




0<Ei 


D 


= 4ai — 4a2 




0<E2 


D 


= 802 — 2ai — 


603 


0<Es 


D 


= 12a3 - 4a2 - 


- 5a5 


0<E4 


D 


= 6a4 — 603 




0<E5 


D 


= lOas — 603 - 


-4a6 


0<E6 


D 


= Sag — 5a5 — 


807 


0<E7 


D 


= 6a7 — 4a6 — 


2a8 


0<Es 


D 


= 4a8 — 807 . 





The equivalence 

K^+AI)+2Aai£;i+4Aa2-E2+6Aa3£;3+3Aa4£'4+5Aa5£^5+4Aa6£'6+8Aa7£;7+2Aa8-E8 ~q n*{Kx+XD) 
implies that there is a point Q e EiU E2U E^L) E4U E5U EqU EiL) Eg such that the pair 

K-^ + XD + 2XaiEi + 4Aa2-E2 + 6Aa3£;3 + 8Aa4£^4 + bXa^E^ + AXaeEe + 8Ao7£;7 + 2Aa8£^8 
is not log canonical at Q. 
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If the point Q € Ei and Q ^ E2 then 

K^ + XD + 2\aiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El since 2Aai < 1 . 
By adjunction (Ei, XD\ei) is not log canonical at Q and 

4ai - 4a2 = D-Ei> multQ (J^\ei^ = multg (j) ■ Ei^ > 6 , 
which is false. 

If the point Q £ -Ei n £'2 then 

Kj^ + XD + 2XaiEi + 4Aa2£;2 
is not log canonical at the point Q and so arc the pairs 

Kj^ + XD + Ei + AXa2E2 and K^ + XD + 2XaiEi + E2 . 
By adjunction 

4ai - 4:a2 = D ■ Ei> multQ (^D\ei^ = multQ ^i) • £^1^ > 6 - 4a2 and 

and 

8a2 - 2ai - Gas = D ■ E2 > multg (^-DIb^^ = multQ {d ■ E2j > 6 - 2ai , 
which is false. 

If the point Q e £2\(£i U £3) then 

K^ + Xb + 4Aa2-E2 
is not log canonical at the point Q and so is the pair 

K^ + XD + E2 . 

By adjunction 

8a2 - 2ai - 603 = £» • £2 > multg (^-D|b2^ = multQ • £2) > 6 , 

which is false. 

If the point Q e £2 n £3 then 

/C^ + Ai) + 4Aa2£'2 + 6Aa3£3 
is not log canonical at the point Q and so are the pairs 

Ki^ + Xb + E2 + <oXa2,E2, and K^ + Xb + 4Xa2E2 + E3 . 
By adjunction 

802 — 2ai — 603 = b ■ E2> multQ {^\e^ = multg ■ Eq^ > 6 — 603 and 
and 

1203 - 4a2 - 5a5 - 804 = ^ • £3 > multg (^b\E.^ = multQ [p ■ E^ > 6 - 4a2 , 
which is false. 

If the point Q G -E'3\(-E2 U £4 U £5) then 

K^ + Xb + QXa2,E2, 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E^. 
By adjunction (£3, A^l^j) is not log canonical at Q and 

12a3 - 4a2 - 804 - 605 = ^ • £3 > multQ {b\E^ = multg {b ■ E^ > 6 , 
which is false. 
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• If the point Q e f] E4 then 

Kj^ + XD + GXasEs + 3Aa4£^4 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E3 + SXa^Ei and Kj^ + XD + GXasE^ + E4 . 
By adjunction 

1203 — 4a2 — 804 — 605 = D ■ E2 > multQ (J^\e3^ = multQ (jj ■ E^j > 6 — 804 and 
and 

604 — 603 = D ■ E4> multg (^D\e4^ = multQ (^D ■ E^j > 6 — 603 , 

which is false. 

• If the point Q G Ei\E^ then 

K^ + Xb + 2,XaiE4 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + Ei . 
By adjunction (^4, XD\e^) is not log canonical at Q and 

604 — 603 = D ■ E4> multg (JD\e4^ = multg (^D ■ E^j > 6 , 

which is false. 

• If the point Q e E^DE^ then 

Kj^ + Xb + GXasE^ + 5Aa5^5 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E3 + 5Aa5^5 and K-^ + XD + GXasE^ + E5 . 
By adjunction 

12a3 — 4a2 — 804 — 805 = D ■ E^> multg (^\e^ = multg (^D ■ E^ > 6 — Sas and 
and 

10a5 - 603 - 4a6 = • -E5 > multg {p\E^ = multg {^D ■ E^ > 6 - 603 , 

which is false. 

• If the point Q G E5\{E2, U Eq) then 

Kj^ + Xi) + bXa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E^ . 
By adjunction {E^, Xb\E^) is not log canonical at Q and 

1005 - 603 -AaQ = b-E^> multg (b\E^^ = multg (^£> ■ > 6 , 

which is false. 

• If the point Q e E^ f) Eq then 

Kj^ + Xb + 5Xa5E5 + AXaeEe 
is not log canonical at the point Q and so are the pairs 

Kj^ + Xb + E5 + AXaeEe and K-^ + Xb + SAosE^s + Ee . 
By adjunction 

1005 — 603 — 4a6 = b ■ E5 > multg (^b\Es^ = multg (^b ■ E^^ > 6 — Aqq and 
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and 

Sae - 5a5 - Sqt = D ■ Eq > multg (J^\e6^ = multg (jj ■ Eq^ > 6 - 605 , 
which is false. 

If the point Q € E6\{E5 U E7) then 

K^ + XD + AXaeEe 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Eq . 
By adjunction {E^, XD\eq) is not log canonical at Q and 

Sqq - 5a5 -3a7 = D ■ Eq> multg (j!)\Ee^ = multg (jj ■ Eq^ > 6 , 
which is false. 

If the point Q £ EeDEj then 

K^ + XD + AXaaEe + SXujEy 
is not log canonical at the point Q and so are the pairs 

K^ + XD + Eg + ZXa^E-j and K^ + XD + AXa^EQ + E-j . 
By adjunction 

8ae — 5a5 — 807 = D ■ Eq> multg (JD\eq^ = multg (j^ ■ Eq^ > 6 — Say and 
and 

Ga-r - 4a6 -2as = D ■ E-j> multg {p\E-^ = multg [d ■ £'7^ > 6 - 4a6 , 
which is false. 

If the point Q G E'j\{Eq U E^) then 

+ AD + 3Aa7£;7 
is not log canonical at the point Q and so is the pair 

K^ + XD + E-j . 
By adjunction [E-j,XD\et) is not log canonical at Q and 

607 - 4a6 -2as = D-E-j> multg {p\E.j^ = multg • £'7 j > 6 , 
which is false. 

If the point Q e E^nEs then 

K^ + XD + ZXa^E-j + 2XasE^ 
is not log canonical at the point Q and so are the pairs 

K^ + Xb + E-j + 2XasE^ and K^ + XD + ZXa^E-j + E^ . 
By adjunction 

607 — 4a6 — 2a8 = D ■ E-j > multg {^D\e.^ = multg {^D ■ £7^ > 6 — 2a^ and 
and 

Aas -3aY = DEs> multg (-DIej^ = multg (^D ■ Es^ > 6 - 807 , 
which is false. 
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• If the point Q G Es\Ei then 

Kj^ + XD + 2XasE8 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Eg . 
By adjunction (Eg, XD\Eg) is not log canonical at Q and 

4a8 -3a7 = D-E8> multg (^D\es) = multg (^D • Sg) > 6 , 
which is false. 

□ 

4. Del Pezzo surfaces of degree 1 with at least two Du Val singularities 

Suppose now that X is a del Pezzo surface of degree 1 having at least two Du Val singular 
points. We have the following result. 

Lemma 4.1. Suppose that the surface X has at least one singularity of type B4, D5, Dg; ^6 ■ 
Then the global log canonical threshold of X is 

j 1/3 when Eg G Sing(X) 

I 1/2 otherwise. 



ictm 



Proof. We will only treat the case D4, as the rest of the cases are similar. Since the linear system 
I — Kx I is 1-dimensional there is a unique element Z G | — Kx \ that passes through the singular 
point B4. This curve Z is irreducible and does not pass through any other singular point of X. 
Let vr : X — > X be the minimal resolution of X. Then 

Z ~Q vr*(Z) — El — E2 — 2E3, — i?4 , 

where Ei, E2, E^, E/^ are the exceptional curves of vr that are contracted to the Du Val singular 
point D4. This means that the global log canonical threshold is 

lct(X) < i . 

Now we assume that \ci{X) < |. Then there exists a Q-divisor D G X such that D ^-jq —Kx 
and the log pair {X,XD) is not log canonical, for some rational number A < ^. According to 
Lemma 12.41 the pair (X,XD) is not log canonical at a singular point of X. If the pair {X,XD) 
is not log canonical at B4, we proceed as in Lemma 13. 10^ otherwise we follow the proof of 
Theorem 11.51 In any case we obtain a contradiction, thus 

lct(X) = i . 

□ 

Lemma 4.2. Suppose that the surface X has at least one singularity of type A5, Ag . Then the 
global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Again we will consider only the case that X has at least one A5 type singular point, as 
Aq can be treated in a similar fashion. Let tt : X ^ X he the minimal resolution of X and 
let El, E2, E3, E4, E5 be the exceptional curves of tt that are contracted to the Du Val singular 
point A5. Then we can always find a -1 curve Z/3 in X that only intersects E^ transversally 
among the exceptional curves of the fundamental cycle. Then we have that 

13 1 

L3 7r*(L3) — -El — E2 — -E3 — E4 — -E^ , 

This means that the global log canonical threshold is 

lct(X) < ^ . 
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Now we assume that lct{X) < |. Then there exists a Q-divisor D G X such that D ~(Q —Kx 
and the log pair {X,XD) is not log canonical, for some rational number A < |. According to 
Lemma 12.41 the pair (X,XD) is not log canonical at a singular point of X. If the pair {X,XD) 
is not log canonical at A5, we proceed as in Lemma 13.101 otherwise we follow the proof of 
Theorem II .51 In any case we obtain a contradiction, thus 



lct(X) = ^ . 



□ 



Lemma 4.3. Suppose that the surface X has at least one singularity of type A4 . Then the 
global log canonical threshold of X is 

' 2/3 when | — Kx\ has a cuspidal curve C such that Sing(C) = A2, 

3/4 when | — Kx\ has a cuspidal curve C such that Sing(C) = Ai 

and no cuspidal curve C such that Sing(C) = A2, 

^4/5 in the remaining cases. 



Ictm 



Proof. Let vr : X — > X be the minimal resolution of X and let Ei,E2, E^yE^ be the exceptional 
curves of vr that are contracted to the Du Val singular point A4. In all the cases when we have 
at least an A4 type singularity there exists a unique smooth irreducible element C of the linear 
system | — 2Kx\, which passes through the intersection point Ei n -©2- For the pull back of the 
irreducible curve C we have 

C + El + 2E2 + 2E3 + Ei (£ \ - . 

If we blow up once more in order to get transversal intersections we see that the global log 
canonical threshold is 

\ct(X) < lct(X,C) = - . 

5 

Now we assume that lct{X) < |. Then there exists a Q-divisor D €z X such that D —Kx 
and the log pair {X,XD) is not log canonical, for some rational number A < |. According 
to Lemma 12.41 the pair (X, XD) is not log canonical at a singular point of X. If the pair 
{X, XD) is not log canonical at A4, we proceed as in Lemma [3?3l otherwise we follow the proof 
of Theorem 11.51 In any case we obtain a contradiction, and the result follows. □ 

Lemma 4.4. Suppose that the surface X has at least one singularity of type A3 and no singu- 
larity of type A4, B4, D5. Then the global log canonical threshold of X is 

' 1 when I — Kx\ does not have cuspidal curves, 

2/3 when | — Kx\ has a cuspidal curve C such that Sing(C) = A2, 

let fx) = 3/4 when | — Kx\ has a cuspidal curve C such that Sing(C) = Ai 

and no cuspidal curve C such that Sing(C) = A2, 

5/6 in the remaining cases. 

Proof. Let it : X ^ X he the minimal resolution of X and let Ei,E2,E3 be the exceptional 
curves of vr that are contracted to the Du Val singular point A3. One can show that in all the 
cases when we have at least an A3 type singularity we must have lct(X) < 1. 

Now we assume that lct(X) < 1. Then there exists a Q-divisor D G X such that D ~(Q) —Kx 
and the log pair (X,XD) is not log canonical, for some rational number A < 1. According to 
Lemma 12.41 the pair {X,XD) is not log canonical at a singular point of X. If the pair {X,XD) 
is not log canonical at A3, we proceed as in Lemma 13.11 otherwise we follow the proof of 
Theorem 11.51 In any case we obtain a contradiction, and the result follows. □ 

Lemma 4.5. Suppose that the surface X has exactly two singularities of type A3. Then the 
global log canonical threshold of X is 

lct(X) = 1 

Proof. See Lemma l3.ll □ 
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5. Del Pezzo surfaces with Picard group Z 



All possible singular points on a del Pezzo surface X that has only Du Val singular points 
and Pic(X) ^ Z are listed in [16J. 

5.1. Del Pezzo surface of degree 1 with an E7 and an Ai type singularity. In this 
section we will prove the following. 

Lemma 5.1. Let X he a del Pezzo surface with one Du Val singularity of type E7, one of type 
Ai and = 1. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose that lct{X) < ^ , then there exists a Q-divisor D ^ X such that the log pair 
{X, XD) is not log canonical and D ~q —Kx for some rational number \ < \. We derive that 
the pair (X, XD) is log canonical outside of a point P ^ X and not log canonical at P. Let 
vr : X ^ X be the minimal resolution of X. The configuration of the exceptional curves is given 
by the following Dynkin diagram. 

IE7 + -'^l • ^Ei ^E2 ^E'i ,£5 ^Eq ^E7 ,Fi 



,£4 

Then 

D ~Q ■K*{D) - aiEi - a2E2 - a^E^ - a^E^ - a^E^ - oqEq - ajE-j - biFi . 
We should note here that there are two -1 curves Li,Li such that 

Ll ■ El = Lj ■ Ej = Lj ■ Fi = 1 . 

Therefore we have 

Ll ~Q TT*{Li) -2Ei -3E2 - AEs -2Ei-3E5 -2E6 - E7 

3 5 3 1 

Lj ~q tt*{Lj) — El — 2E2 — 3Es — -E4 — -£'5 — 2Eq — -E^ — -Fi . 

and since Lj ~ —Kx and Li ~ —Kx we see that lct(X) < ^. 
The inequalities 



0<D 


Lr 




1 - 


aj - bi 




0<D- 


Ll 




1 - 


ai 




0<Ei 


• D 




2ai 


- a2 




<E2 


■ D 




2a2 


-ai- 




< £3 


■ D 




2a-i 


-a2- 


05 - 


< £4 


• D 




2 04 


- as 




< £5 


• D 




205 


- as - 


Oq 


< ^6 


• D 




2a6 


- as - 




< Ej 


• D 




207 


- ae 




0<Fi 


• D 




2bi 






< 3, 04 




05 


< 5 

— 2' 


ae < 2 





a4 



3 54 
2ai > 02, -a2 > as, 2a4 > as, -as > as, -as > ae 
2 D 5 

and 

3 4 

2a7 > ae, -ae > as, -as > as . 
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The equivalence 

+ \D + XaiEi + Aa2i?2 + AosE's + XuiE^ + Xa^Er, + XqqEq + XajEj ~(q tt*{Kx + 
implies that there is a point Q & EiU E2D E^L) E^U E5U EqU E^ such that the pair 
Kj^ + XD + Aai^i + Xa2E2 + Xa^E^ + Xa^E^ + Xa^E^ + Aae^^e + XajEj 

is not log canonical at Q. 

• If the point Q e Ei and Q ^ E2 then 

iC^ + A^ + Aai£;i 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El since Xai < 1 . 
By adjunction (Ei, XD\e^) is not log canonical at Q and 

2>2ai>2ai-a2 = D-Ei> multQ • -Ei) > 4 , 

which is false. 

• If the point Q G -Bi fl £^2 then 

K-^ + XD + XaiEi + Aa2£^2 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + Ei + Xa2E2 and K-^ + XD + XaiEi + E2 . 
By adjunction 

2 - a2>2ai - a2 = D ■ Ei> multg (^-DIej^ = multQ (^D ■ Ei^ > 4 - 02 and 
and 

2 - ai >2a2 - ai - as = D ■ E2 > multg (J^\e2^ = multg • ^2) > 4 - 01 , 

which is false. 

• If the point Q G £^2\(£^i U £^3) then 

K<^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

K^ + XD + E2 . 

By adjunction 

2a2 >2a2-ai-a3 = D-E2> multQ (^D\e2^ = multg (d ■ E2^ > 4 , 

implies that 02 > 2 which is false. 

• If the point Q G -B2 n £^3 then 

K^ + XD + Xa2E2 + Aa3£;3 
is not log canonical at the point Q and so arc the pairs 

Kj^ + XD + E2 + XasEs and K-^ + XD + Aa2-E'2 + E3 . 
By adjunction 

4 - 03 > 2a2 - 03 > 2a2 - ai - 03 = ^ • £^2 > multQ (^^'Ibj) = multQ {d ■ E^^ > 4 - 
which is a contradiction. 
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If the point Q € E3\{E2 U U E5) then 

K^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Es. 
By adjunction (^3, XDIe^) is not log canonical at Q and 

^ > ^03 > 203 - ^as - Y > 2a3 - 02 - 04 - 05 = L> • £'3 > multg (Jd ■ E^^ > 4 , 
which is false. 

If the point Q e E^nE^ then 

+ XD + XasEs + Xa^Ei 
is not log canonical at the point Q and so is the pair 

K^ + XD + XaaEa + E4 . 

By adjunction 

a3>2a4- as = D ■ E4> multg (^D\e4^ = multg (^D ■ £'4^ > 4 - 03 , 
which is false. 

If the point Q G E4\E3 then 

K<^ + XD + Xa^Ei 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 . 
By adjunction {E4, XD\e4) is not log canonical at Q and 

^ > 2a4 > 2a4 - a3 = £» ■ £4 > multg (d ■ E^j > 4 , 
which is false. 

If the point Q G £3 fl £5 then 

K^ + XD + XasEs + Xa^E^, 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + XasEs + E5 . 

By adjunction 

4 2 - N 

as > ^as - 03 > 205 - -05 - as >2a5 - as - ae = D ■ E5 > multg (^i:) • E^j > 4 - 

which is false. 

If the point Q e E5\{E3U Eq) then 

K.^ + XD + Xa^Ez 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E^ . 

By adjunction (£5, A^'l^g) is not log canonical at Q and 

12 62 ~ f ~ \ 

2 > Y^as > 205 - -as - -as > 2as - 03 - ae = -D • ^s > multQ [D ■ E^j > 4 , 

which is false. 
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If the point Q e E5 n Eq then 

Kj^ + XD + Xa^E^ + Xa^Ee 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + E5 + XaeEQ . 

By adjunction 

2a5 - ^05 > 205 - 03 - ae = -D • £^5 > multQ (^D\e5^ = multQ (Jd ■ E^^ > 4 - 

implies that 05 > 5 which is false. 
If the point Q G Eq\{E5 U Ej) then 

Kj^ + XD + XuqEq 

is not log canonical at the point Q and so is the pair 

K^ + XD + Eq. 

By adjunction {E^, XD\eq) is not log canonical at Q and 

2a6 — ^ae — ^ > 2a6 — 05 — 07 = • E'e > multQ ■ EqJ > 4 

implies that ag > 16 which is false. 
If the point Q e EqDEj then 

Kj^ + XD + XaaEa + XajEj 

is not canonical at the point Q and so arc the pairs 

Kj^ + XD + E6 + Xa7E7 . 

By adjunction 

2ae — ar > 2aQ — — = D ■ Eq > multQ ^-D|Eg j = multQ (^D ■ E^j > 4 — 

implies that > 2 which is false. 
If the point Q G E'j\Eq then 

K^ + Xb + Xa-jEj 
is not log canonical at the point Q and so is the pair 

K^ + Xb + Ej . 
By adjunction {Et,XD\e^) is not log canonical at Q and 

2a7-aQ = b-E^> multQ (^b^) = multQ (l> • £^7) > 4 , 

implies that 07 > 2 which is false. 
If the point Q e Fi then 

K^ + Xb + XbiFi 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + Fi since A61 < 1 . 
By adjunction {Fi, XD\f-^) is not log canonical at Q and 

2>2bi = b-Fi> multQ (^D ■ Fi^ > 4 , 

which is false. 
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5.2. Del Pezzo surface of degree 1 with an Eg and an A2 type singularity. In this 
section we will prove the following. 



Lemma 5.2. Let X be a del Pezzo surface with one Du Val singularity of type Mq, one of type 
A2 and = 1 . Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose that lct(X) < i, then there exists a Q-divisor D e X such that the log pair 
{X, XD) is not log canonical, where A < | and D ~(g) —Kx- We derive that the pair {X, \D) is 
log canonical everywhere outside of a point P & X and not log canonical at P. Let tt : X — > X 
be the minimal resolution of X. The configuration of the exceptional curves is given by the 
following Dynkin diagram. 

lEe + A2 . ^Ei ^E2 ,B3 ,£5 .Ee ^Fi ,i^2 



0E4 

Then 

D ~Q T^*{D) - aiEi - 02^2 - a^Es - a^E^ - a^E^ - uqEq - 61 Fi - 62-^2 • 
We should note here that there are two -1 curves L^jLq such that 

Li ■ Ei = Lq ■ Eq = Lq ■ Fi = 1 . 

Therefore we have 

Li ~Q iT*{Li)-Ei-2E2-ZE^-2Ei-2E^-EQ 

2 4 5 4 2 1 

Lq ~q — --El — --^2 — 2£^3 — E4 — -E^ — -Eq — -Fi — -F2 . 

and since Lq ~q —Kx and L4 ~q —Kx we see that lct(X) < i. 
The inequalities 



0<D- 


Le 


= 1 - 


ae - 


h 


0<D- 


U 


= 1 - 


04 




0<Ei 


■D 


= 2ai 


- 02 




(}<E2 


■D 


= 2a2 


- ai 


- as 


0<E3 


■D 


= 2a3 


- a2 


— 04 — 05 


0<E4 


■D 


= 2a4 


-as 




0<E5 


■D 


= 2a5 


-as 


- ae 


0<Ee 


• D 


= 2aQ 


- ^5 




< Fi 


■D 


= 2bi 


-62 




< F2 


b 


= 262 


-h 





imply that ai < |, 02 < |, as < 2, 04 < 1, 05 < |, < 1, 61 < 1, 62 < 2 . The equivalence 
K^ + XD + XaiEi + Xa2E2 + XasEs + Xa^E^ + Xa^E^ + Xa^E^ + XbiFi + A62-F2 ~q t:*{Kx + XD) 
implies that there is a point Q G Fi U F2 U F3 U F4 U F5 U Fg U Fi U F2 such that the pair 

K^ + Xb + XaiEi + Aa2-F2 + Aa3F3 + Aa4F4 + Aa5F5 + Xa^E^ + A61F1 + A62F2 
is not log canonical at Q. 
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• If the point Q e Ei and Q ^ E2 then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + El since Aai < 1 . 
By adjunction {Ei, \D\ei) is not log canonical at Q and 

2ai - ^ai >2ai-a2=D-Ei> multg (J^\ei^ = multg (j^ ■ Ei^ > 3 

implies that ai > 4 which is false. 

• If the point Q € -Ei n £^2 then 

Kj^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so arc the pairs 

Kj^ + XD + Ei + Xa2E2 . 

By adjunction 

2ai- a2 = D ■ Ei> multg (^D\ei^ = multg (^D ■ Ei^ > 3 - 02 

implies that ai > | which is false. 

• If the point Q e E2\{Ei U E3) then 

Kj^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

K^ + XD + E2 . 

By adjunction 

2a2 - ^a2 - ^a2 > 2a2 - ai — a3 = D ■ E2 > multg (^D\e2^ = multg (^D ■ £^2^ > 3 

implies that 02 > 10 which is false. 

• If the point Q G -E2 n £^3 then 

K^ + XD + Xa2E2 + Aa3£;3 
is not log canonical at the point Q and so arc the pairs 

K^ + XD + E2 + Xa3E3 . 

By adjunction 

2a2 — ^a2 — as >2a2 - a3 - ai = i) ■ E2 > multg (^D\e2^ = multg (^D ■ £'2^ > 3 - 

implies 02 > 2 which is false. 

• If the point Q G E3\{E2 UE4UE5) then 

K^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

K^ + XD + E^. 

By adjunction (£^3, XDIe^) is not log canonical at Q and 

2 12 ~ / ~ \ 

2a3 - -03 - -03 - -03 > 203 - 02 - a4 - 05 = £) • £^3 > multg yD ■ E^j > 3 

implies 03 > 18 which is false. 
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If the point Q e E^nE^ then 

+ XD + Xa^Es + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + XD + Aog-Eg + E4 . 

By adjunction 

2a4 — az = D ■ Ei> multQ {^\e^ = multg {^D ■ E^j > 3 — 03 , 

which is false, since 04 < 1. 
If the point Q G Ei\Ez then 

Kj^ + XD + Aa4-B4 
is not log canonical at the point Q and so is the pair 

K^ + Xb + Ei . 
By adjunction {Ei,XD\E^) is not log canonical at Q and 

204 > 2a4 - 03 = • £;4 > multg {p\E^ = multQ {d ■ E^j > 3 

which is false, since 04 < 1. 

If the point Q e Fi and Q ^ F2 then 

Kj^ + XD + XbiFi 
is not log canonical at the point Q and so is the pair 

K-^ + XD + Fi since A61 < 1 . 
By adjunction {Fi,XD\fi) is not log canonical at Q and 

2bi-b2 = b-Fi> multg = muhg (^D • Fi) > 3 

implies that 61 > | which is false. 
If the point Q G -Fi n F2 then 

Kj^ + XD + XbiFi + Xb2F2 

is not log canonical at the point Q and so are the pairs 

+ XD + F1+ 62F2 . 

By adjunction 

2bi-b2 = b-Fi> multQ (^|fi) = multQ (d ■ Fi^ > 3 - 62 

implies that &i > § which is false. 
If the point Q G F2 and Q ^ Fi then 

+ AL» + A62i^2 
is not log canonical at the point Q and so is the pair 

+ Xb + F2 since ^62 < 1 . 
By adjunction {F2,XD\f2) is not log canonical at Q and 

^62 >2b2-bi = D-F2> multQ (i^lfa) = multQ (^Z) • F2) > 3 
implies that 62 > 2 which is false. 
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5.3. Del Pezzo surface of degree 1 with an Ay and an Ai type singularity. In this 
section we will prove the following. 

Lemma 5.3. Let X he a del Pezzo surface with one Du Vol singularity of type Ay, one of type 
Ai and K\ = 1 . Then the global log canonical threshold of X is 

1 

2 ■ 

Proof. Suppose that lct{X) < ^, then there exists a Q-divisor D ^ X such that the log pair 
{X, \D) is not log canonical, where A < | and D ~q —Kx- We derive that the pair (X, \D) is 
log canonical everywhere outside of a point P e X and not log canonical at P. Let tt : X ^ X 
be the minimal resolution of X. The configuration of the exceptional curves is given by the 
following Dynkin diagram. 



lct(X) 



.El 



,£2 



.E4 



.^1 



Then 

D ~Q 7r*(D) - aiEi - a2E2 - a^E^ - a^E/^ - a^E^ - qqEq - ajEr 
We should note here that there are three -1 curves Li,L4, Lq such that 

Li ■ El = Li ■ Ef = L4 ■ E4 = Lq ■ Eq = Lq ■ El = 1 . 



Therefore we have 




Ll ~(Q 




L4 ~Q 


7r*(L4) 




7r*(L6) 


and since Lq ~(q Li 




The inequalities 





E2 — E^ — E4 — E^ 



Ea 



E2 - -E2, 



2E4 — 



-El - -E2 - -E3 -E4--I 
J —Kx we see that lct(X) < ^ 



Eq — -E-j 



3 
2 



3 



0<D- 


Ll = 


1 - 


ai 


0-7 


0<D- 


u = 


1 - 


II : 




0<D- 


Le = 


1 - 


ae - 


bi 


0<Ei 


■D = 


2ai 


- a2 




0<E2 


■D = 


2a2 


— ai 


- a3 


0<^3 


b = 


2a3 


— a2 


— 04 


< £^4 


■D = 


2a4 


- 03 


- as 


< 


b = 


2a5 


— 04 


- ae 


< £^6 


■ b = 


2a6 


- as 


- ay 


< £7 


■ b = 


2a7 


- ae 





imply that ai < 1, a2 < |, aa < f , 04 < 1, 05 < |, ae < 1, ay < 1, 61 < 1 . 
Moreover we get 

3 4 5 6 7 

2a7 > ae , -qq > 05 , -05 > 04 , -04 > 03 , -03 > 02 , -a2 > ai . 
2 3 4 5 6 

The equivalence 

K.^ + Xb + XaiEi + \a2E2 + Aos^s + Aa4£4 + Aa5£;5 + Aae^e + \a-jE-j + XbiFi ~q tt* {Kx + \D) 
implies that there is a point Q € £1 U £2 U £3 U £4 U £5 U U £7 U Fi such that the pair 

K^ + \b + XaiEi + Aa2£2 + Aa3£;3 + Aa4£4 + Xa^Er^ + Aoe-^e + Aa7£^7 + A61F1 
is not log canonical at Q. 
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If the point Q e Ei and Q ^ E2 then 

Kj^ + XD + aiXEi 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + El , since aiX < 1 . 
By adjunction {Ei, XD\ei) is not log canonical at Q and 

2ai - ^ai >2ai-a2 = D-Ei> multg (^D ■ Ei^ ^ X ^ 

implies that ai > | which is false. 
If Q € -El n £^2 then the log pair 

Kj^ + XD + XaiEi + Xa2E2 

is not log canonical at the point Q and so is the log pair 

K.^ + XD + Ei + Xa2E2 . 

By adjunction it follows that 

2ai-a2=D-Ei> multg (^D\ei^ = multQ (^D ■ Ei^ > - 02 > 2 - a2 , 

which is false, since ai < 1. 
UQ eE2 but Q ^EiUEs then 

K^ + XD + Xa2E2 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2 , since Xa2 < 1 . 

By adjunction (£'2, XD\e2) is not log canonical at Q and 

5 ~ / ~ \ 1 

2a2 - -a2 > 2a2 - ai - as = D ■ E2 > multg (^-D • £2 j > - > 2 , 

which is false, since 02 < |. 

If Q G £^2 n £3 then the log pair 

Kj^ + XD + Xa2E2 + Aas^a 

is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa2E2 + £3 , since Xa^ < 1 • 

By adjunction it follows that 

2a3 - a2 - a4 = D ■ E3> multQ (^D\e3^ = multQ (^D ■ E^J > i - 02 > 2 - 02 , 

which, along with the inequality 04 > ^03, implies that 04 > 1, which is impossible. 
UQ EEs but Q ^ £;2 U £;4 then 

K^ + XD + XaaEs 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + £3 , since Aa3 < 1 . 

By adjunction (E^, XDIe^) is not log canonical at Q and 

2a3-a2-a4 = D ■ E3> multQ (^D\es^ = multQ (^^ • £3) > ^ > 2 . 

This inequality together with 04 > |a3 implies that 04 > 1, which is impossible. 
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• If Q € -Es n i?4 then the log pair 

Ki^ + \D + Xa^E-i + Xa^Ei 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa^E^ + £'4 , since Aa4 < 1 . 
By adjunction it follows that 

2a4 - 03 - as = £> • £;4 > multQ {p\E^ = multg (j) ■ £"4^ > - 03 > 2 - 

which contradicts 04 < 1. 

• If Q G £4 but Q ^ £3 U E5 then 

Kj^ + XD + Xa4E4 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 , since Aa4 < 1 . 
By adjunction {E4, XD\e4^) is not log canonical at Q and 

2a4 - aa - 05 = £> • £4 > multg (^D\e4) = multg (^i) • £4) > ^ > 2 , 

which is false since 04 < 1. 

• If the point Q G Fi then 

K.^ + XD + biXFi 
is not log canonical at the point Q and so is the pair 

K-^ + XD + Fi , since 61A < 1 . 
By adjunction {Fi, XD\fi) is not log canonical at Q and 

2bi = D-Fi> multg (i) • Fi) > ^ > 2 , 
which is false, since 61 < 1. 



03 



□ 



5.4. Del Pezzo surface of degree 1 with an Dg and two Ai type singularities. In this 
section we will prove the following. 

Lemma 5.4. Let X be a del Pezzo surface with exactly one Du Val singularity of type Dg? two 
of type Ai and = 1 . Then the global log canonical threshold of X is 

lct{X) = \ . 

Proof. Suppose that \ct{X) < ^ , then there exists a Q-divisor D G X such that the log pair 
{X, XD) is not log canonical, where A < | and D ~q —Kx- We derive that the pair (X, XD) is 
log canonical everywhere outside of a point P e X and not log canonical at P. Let tt : X ^ X 
be the minimal resolution of X. The configuration of the exceptional curves is given by the 
following Dynkin diagram. 

Be + 2Ai. ,£5 .Sg .Fi ^Gi 



Then 

D ~Q n*{D) - aiEi - 02^2 - a^E^ - a^E^ - a^E^ - qqEq - biFi - ciGi 
We should note here that there are three -1 curves Li, L2, L5 such that 

Li ■ El = Li ■ Fi = L2 ■ E2 = L2 ■ Gi = -L5 • £5 = 1 . 
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Therefore we have 

3 3 11 

Li ~Q •7r*(Li) — -El — E2 — 2Es — -E4 — E^ — -Eq — -Fi 

3 3 11 

L2 ~Q TT (L2) — El — -E2 — 2Es — -E4 — E5 — -Eq — -Gi 

L5 ~Q Tr*{L5)-Ei-E2-2E3-2E4-2E5-EQ . 

and since Li ~q L2 ~q —Kx we see that lct(X) < ^. 

The inequahties 



< L» ■ 


Li 


= 1 - 


ai - 


hi 


< £> • 


L2 


= 1 - 


a2 - 


Cl 


0<D- 


h 


= 1 - 


05 




0<Ei 


■ D 


= 2ai 


- 03 




0< E2 


■ D 


= 2a2 


- 03 




< £^3 


■ D 


= 2a3 


- ai 


- a2 


0<E4 


■D 


= 2a4 


- as 


- 05 


0<E5 


■D 


= 2a5 


— 04 


- ae 


0<Eq 


■D 


= 2aQ 


- as 




0<Fi 


■D 


= 2hi 






0<Gi 


b 


= 2ci 







imply that ai < 1, 02 < 1, 03 < 2, 04 < |, 05 < 1, ag < 1, 61 < 1, ci < 1 . Moreover we have 

2ai > 03, 2a2 > 03, 03 > 04, 04 > 05, 05 > qq 

and 

3 4 
2aQ > 05, -05 > 04, -a4 > 03 . 

The equivalence 

Kj^ + Xi) + XaiEi + Aa2£^2 + XasE^ + Xa^E^ + Xa^E^ + XqqEq + A61F1 + XciGi ~q 7r*(iCx + AD) 

implies that there is a point Q such that Q e EiU E2U E^U E4^[J E^U Eq or Q e Fi 01 Q E Gi 
where the pair 

Kj^ + XD + XaiEi + Xa2E2 + Xa^E^ + Xa4^Ei + Xa^E^ + XuqEq + A61F1 + AciGi 

is not log canonical at Q. 

• If the point Q € Ei\E2, then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei . 
By adjunction (£'1, XD\e^) is not log canonical at Q and 

2ai >2ai-a3 = D-Ei> multQ^f»|£;i^ = multQ^^L* ■ Ei^ > 2 , 

implies that ai > 1 which is false. 

• If Q G £3 but Q £1 U £2 U £4 then 

K^ + XD + Xa-sEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3, since Aa3 < 1 . 
By adjunction (£3, XD\es) is not log canonical at Q and 

2a3 - ^03 - ^03 > 2a3 - ai - 02 - a4 = ^ • £3 > multg (^D ■ £3^ > 2 , 
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implies 03 > 2 which is false. 
U Q e EiCiEs then the log pair 

Kj^ + XD + XaiEi + ^03^3 

is not log canonical at the point Q and so arc the log pairs 

Kj^ + XD + Ei + XasEs and Kj^ + XD + Xa^Ei + E3 . 
By adjunction it follows that 

2ai-a3 = D-Ei> uiuHq (^D\e,^ = multg (^L> • Ei) > 2 - aa . 

and 

2a3 — ai — a2 — a4 = D ■ E^ > multg (^D\e3^ = multg (^D ■ E^j > 2 — ai 

These inequalities imply that ai > 1 and 03 > 2 which is a contradiction. 
If Q G -Ea n £^4 then the log pair 

Kj^ + XD + Xa^Es + Xa^E^ 

is not log canonical at the point Q and so is the log pair 

+ XD + E3 + Xa4E4 . 

By adjuction 

2a3 - ^03 - ^03 - 04 > 203 - ai - 02 - a4 = £> • £^3 > multg (^D ■ E^^ > 2 

and this implies that 03 > 2 which is false. 
If the point Q € -E4\(£^3 U E5) then 

+ XD + Xa^Ei 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 . 

By adjunction {E4, XDIe^) is not log canonical at Q and 

2a4 — 04 — -04 > 2a4 — 03 — 05 = -D • ^4 > multQ (^D ■ E^^ > 2 , 

implies that 04 > 6 which is false. 
Q e E5\{E4 U Eq) then the log pair 

Kjj. + XD + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + XD + E5 . 
By adjunction (^5, A^l^g) is not log canonical at Q and 

2a5 — 05 ^ > 2a5 — — = D ■ E5 > multg (^D ■ E^^ > 2 , 

implies that 05 > 4 which is false. 
If Q e E4 n E5 then the log pair 

K-^ + XD + Xa4E4 + Xa5E5 

is not log canonical at the point Q and so are the log pairs 

K-^ + Xi) + E4 + Xa5E5 and Kjj. + XD + Aa4-B4 + E5 . 

By adjuction 

2a4 — 04 — 05 > 2a4 — — = D ■ E4 > multQ ■ £^4^ > 2 — 05 

and 

2a5 — 04 — ^ > 2a5 — a4 — uq = D ■ E5 > multg (^D ■ E^^ > 2 — 04 . 
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imply that 04 > 2 and 05 > | which both lead to a contradiction. 

• Q E E5\(£^4 U Eq) then the log pair 

is not log canonical at the point Q and so is the pair 

K^ + XD + E5 . 
By adjunction (£^5, XD\Eg) is not log canonical at Q and 

2a5 - 05 - Y > 205 - 04 - ae = -D • £'5 > multg (dIes^ = multg (JD ■ £5^ > 2 , 

implies 05 > 4 which is false. 

• If Q e E^ n Eq then the log pair 

+ XD + Xa^E^ + XaQEe 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Xa^E^ + Eq . 

By adjuction 

2aQ-a5 = D ■ Eq> multQ (dIeq^ = multg (jj ■ Eq^ > 2 - 05 . 

which is false. 

• If the point Q € Eq\E5 then 

+ XD + XqqEq 
is not log canonical at the point Q and so is the pair 

K^ + XD + Eq . 
By adjunction {Eq, XD\eq) is not log canonical at Q and 

2aQ >2aQ-a5 = D-EQ> multg (^D\e6^ = multg (^D ■ Eq^ > 2 , 

which is false. 

• If the point Q £ Fi then 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Fi . 
By adjunction {Fi,XD\fi) is not log canonical at Q and 

2bi=D-Fi> multQ (^D\fi) = multg (^^ • Fi) > 2 , 
implies that 5i > 1 which is false. 



□ 



5.5. Del Pezzo surface of degree 1 with an D5 and an A3 type singularity. In this 

section we will prove the following. 

Lemma 5.5. Let X be a del Pezzo surface with one Du Val singularity of type D5, one of type 
A3 and K\ = 1. Then the global log canonical threshold of X is 

lct(X) = i . 
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Proof. Suppose that lct{X) < |, then there exists a Q-divisor D G X such that D ~q —Kx 
and the log pair {X, XD) is not log canonical for some rational number A < ^ . We derive that 
the pair {X, XD) is log canonical everywhere outside of a point P e X and not log canonical at 
P. Let TT : X ^ X he the minimal resolution of X. The configuration of the exceptional curves 
is given by the following Dynkin diagram. 

ID'S + A3. .E3 ,^4 ^Es .Fi ^Fs 

Then 

D ~(Q Tr*{D) - aiEi - 02-62 - 03^3 - a^Ei - a^E^ - b^Fi - 62-^2 - b^Fs . 
We should note here that there arc three -1 curves Li,L2, L5 such that 

L± • El = Li • F\ = L2 ' E2 = L2 ' E3 ~ -^4 ■ E4 = 1 . 

Therefore we have 

Li ~Q 7r*(Li) — -El — -E2 — -E2 — E4 — -E5 — -Fi — -F2 — --F3 

3^3 1113 
L2 Ti*{L2)--Ei--^E2--E^-Ei--E^--Fi--F2--F^ 

L4 7T*{L4)- El- E2-2ES-2E4- E5 . 

and since Li ~q L2 ~q -L5 ~q —Kx we see that lct(X) < ^. 
The inequalities 



0<D- 


Li 


= 1 - 


ai - 


bi 


0<D- 


L2 


= 1 - 


a2 


bz 


0<D- 




= 1 - 


II I 




0<Ei 


■D 


= 2ai 


-03 




< E2 


■ D 


= 2a2 


-03 




< Es 


• D 


= 2as 


- ai 


- 02 — 04 


0<E4 


• D 


= 2a4 


- as 


- 05 


0<E5 


■D 


= 205 


— 04 




0<Fi 


■D 


= 25- 


- 1 - 


62 


0<F2 


■D 


= 262 


-bi 


-63 


0<Fs 


■D 


= 263 


-62 





imply that ai < 1, 02 < 1, 03 < |, 04 < 1, 05 < 1, 61 < 1, 62 < 2, 63 < 1 . The equivalence 
K^ + Xb + XaiEi + Aa2-E2 + Aa3£;3 + Aa4-B4 + )^a^E^ + XbiFi + A62-F2 + A63-F3 ~Q tt* {Kx + XD) 
implies that there is a point Q G £^1 U £^2 U £^3 U £?4 U £^5 U Fi U F2 U F3 such that the pair 

K^ + XI) + XaiEi + Aa2£2 + Aa3£3 + Aa4£4 + ^^a^E^ + XbiFi + Xb2F2 + A63F3 
is not log canonical at Q. 

• If the point Q G Ei\E^ then 

K^ + Xb + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + Ei . 
By adjunction {Ei, XD\ei) is not log canonical at Q and 

2ai >2ai-a3 = D-Ei> multg (d\ej^ = multg (j^ ■ Ei^ > 2 , 
implies that ai > 1 which is false. 
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If Q € -El n £^3 then the log pair 

K^ + XD + XaiEi + ^a^Es 

is not log canonical at the point Q and so is the log pair 

K^ + XD + Ei + XasEs . 
By adjunction it follows that 

2ai-a2 = D-Ei> multQ (^D\e,) = multg (^L> • ^i) > 2 - 03 . 

which is not possible. 

If Q G but Q ^ EiUE2UE4^ then 

+ XD + XasEs 

is not log canonical at the point Q and so is the pair 

3 

Kj^ + XD + Es, since 03 < - . 

By adjunction (£^3, XD\e^) is not log canonical at Q and 

2a3 - y - y > 2a3 - ai - a2 - 04 = £> • £;3 > multQ^Li • £3) > 2 , 

implies that 03 > 2 which is false. 
If (5 G £'3 n £4 then the log pair 

K^ + XD + XasE^ + ^04-^4 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E3 + XuaE^ . 
By adjTinction it follows that 

2a3 — y — y — 04 > 2a3 — ai — a2 — = D ■ El > multg (^D ■ Ei^ > 2 — 

implies that 03 > 2 which is not possible. 
Q e E4\{E3 n E5) then the log pair 

Kj^ + XD + Xa^Ei 

is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 . 

By adjunction (£^4, XD\e4^) is not log canonical at Q and 

2a4 > 2a4 — 03 — 05 = £> • £4 > multg (^D\e4^ = multg (JD ■ E^j > 2 , 

implies that 04 > 1 which is false. 
Q G £4 n £5 then the log pair 

Kj^ + XD + Xa^Ei + Aa5£5 
is not log canonical at the point Q and so is the log pair 

K-^ + XD + Er, + Aa4£4 • 
By adjunction it follows that 

2a5 — 04 = £> • £5 > multg (JD\e^^ = multg (^D ■ E^j > 2 — 04 . 
and we see then that 05 > 1 which is not possible. 
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• Q G E^\E4^ then the log pair 

K^ + \D + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + XD + E5 . 
By adjunction (^5, \D\e^) is not log canonical at Q and 

2a5 > 2a5 - a4 = i) ■ E5 > multg (^D\e5^ = multQ (^D ■ E^^ > 2 , 

implies that 05 > 1 which is false. 

• If the point Q G -Fi\F3 then 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the pair 

K^ + XD + Fi . 
By adjunction (Fi, XD\fi) is not log canonical at Q and 

261 >2bi-b2 = D-Fi> multQ = multg (^D ■ Fi^ > 2 , 

implies that bi > 1 which is false. 

• If the point Q € -Fi n F2 then 

Kj^ + XD + XbiFi + 
is not log canonical at the point Q and so is the pair 

K^ + XD + Fi + Xb2F2 . 
By adjunction (Fi, XD\p-^) is not log canonical at Q and 

2bi-b2 = D-Fi> multQ [d\f,^ = multg • Fi) > 2 - 62 , 

implies that 61 > 1 which is false. 

• If the point Q G F2\Fi\F3 then 

K^ + XD + A62F2 
is not log canonical at the point Q and so is the pair 

K^ + XD + F2 . 
By adjunction {F2, XDlp^) is not log canonical at Q and 

2&2 - y - y > 262 - 61 - 63 = -D ■ > multQ(£>|F2) = multg^L) • F2) > 2 , 
implies that 62 > 2 which is false. 



□ 



5.6. Del Pezzo surface of degree 1 with two Bi^ type singularities. In this section we 
will prove the following. 

Lemma 5.6. Let X be a del Pezzo surface with two Du Vol singularity of type B4 and = 1. 
Then the global log canonical threshold of X is 

lct(X) = i . 
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Proof. Suppose that lct{X) < ^ then there exists a Q-divisor D ^ X, such that the log pair 
{X,XD) is not log canonical, where A < ^ and D ~q —Kx- We derive that the pair {X,XD) 
is log canonical outside of a point P € X and not log canonical at P. Let tt : X ^ X he the 
minimal resolution of X. The configuration of the exceptional curves is given by the following 
Dynkin diagram. 

©4 + D4. ^Ei ,^3 .£4 ,Fi .Fa ,F4 



Then 

D ~Q -!T*{D) - aiEi - a2-E'2 - a^Es - 04^4 - biFi - 62-^2 - hFs - 64F4 . 
We should note here that there are four -1 curves Zi, L2, L4, L3 such that 

-Li ■ El = Li ■ Fi = ^2 ■ — L2 ■ F2 = -Zj4 • -E'4 = L4 ■ F4. = ■ E^ = 1 . 
Therefore we have 



Ll ~Q 


7r*(Li)-£;i- 


-E2 — E^ — --E'4 — -Fi - 




i^3- 


¥^ 


L2 ~(Q 


7r*(L2) - 


— E2 — E^ — -E4 — -Fi 


-F2- 


F3- 




L4 ~Q 


7r*(L4) - 


— 2-^2 — E^ — Ei — -Fi 






-F4 


L3 ~Q 


7r*(L3)-£;i- 


E2 — 2£'3 — £'4 . 








1 ~Q L2 


5 L3 ~Q L4 - 


-i^x we see that lct(X) 


<i 







The inequalities 



< L» • 


U 


= 1 - 


ai - 


h 




< L» • 


U 


= 1 - 


a2 - 


b2 




< • 


u 


= 1 - 


04 — 


b4 




< i) • 


u 


= 1 - 


03 






< £^1 


■ b 


= 2ai 


- as 






< £^2 


■ b 


= 2a2 


- 03 






< -Bs 


b 


= 2a3 


- 01 


- a2 


— 04 


< -B4 


b 


= 2a4 


-03 






< -Fi 


■ b 


= 2bi 


-63 






< F2 


■ b 


= 262 


-63 






0<F3 


■ b 


= 263 


-h 


-b2- 




< F4 


• b 


= 264 


-63 







imply that ai < 1, 02 < 1, 03 < 1, 04 < 1, bi < 1, 62 < 1, ^'3 < f, ^'4 < 1 • The equivalence 
Kj^ + Xb + XaiEi + Xa2E2 + XasE^ + Xq^Ea + XbiFi + A62F2 + A63F3 + A64-F4 ~q tt* {Kx + AD) 

implies that there is a point Q such that Q G £^1 U E2 U £^3 U £^4 or Q G Fi U F2 U F3 U F4 where 
the pair 

Kj^ + Xb + XaiEi + Aa2-E2 + Aa3F;3 + Aa4F4 + A61F1 + A62F2 + A63F3 + A64F4 
is not log canonical at Q. 

• If the point Q G Ei and Q ^ E3 then 

Kj^ + Xb + XaiEi 

is not log canonical at the point Q and so is the pair 

Kj^ + Xb + Ei . 
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By adjunction {Ei, XD\ei) is not log canonical at Q and 

2ai-a3 = D-Ei> multg (^D\e^) = multg (^D ■ Ei^ > 2 , 

implies that oi > 1 which is false. 

• li Q e E3 hut Q ^ EiU E2U E4 then 

K^ + XD + XaaEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Es, since Xa^ < 1 . 
By adjunction (£^3, XDIe^) is not log canonical at Q and 

2a3 - Y - Y > 2a3 - ai - 02 - 04 = £> • £^1 > multg^f* ■ E3J > 2 

implies that 03 > 2 which is false. 

• U Q e EiCiE^ then the log pair 

K.^ + XD + XaiEi + Aa3£;3 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Ei + Xa^Es . 
By adjunction it follows that 

2ai-a3 = D-Ei> multg (^D\ei^ = multg (^D ■ Ei^ > 2 - a3 . 
and we see then that ai > 1 which is not possible. 



□ 



5.7. Del Pezzo surface of degree 1 with an A5, an A2 and an Ai type singularity. In 

this section we will prove the following. 

Lemma 5.7. Let X be a del Pezzo surface with an A5, an A2 and an Ai type singularity such 
that K\ = 1. Then the global log canonical threshold of X is 

\ct{X) = ^ . 

Proof. Suppose that lct(X) < | , then there exists a Q-divisor D G X such that the log pair 
{X, ^D) is not log canonical, where A < | and D ~q —Kx- We derive that the pair (X, AD) 
is log canonical outside of a point P X and not log canonical at P. Let tt : X ^ X he the 
minimal resolution of X. The configuration of the exceptional curves is given by the following 
Dynkin diagram. 

A5 + A2 + Ai. ^Ei ^E2 .S3 .E4 ^E5 .Fi ,F2 ,Gi 

Then 

D ~Q TT*{D) - aiEi - a2E2 - a^E^ - aiE4, - a^E^ - biFi - 62-^2 - ciGi . 
We should note here that there are three -1 curves Li, L2, -L3 such that 

Li ■ El = Li • E^ = L2 • E2 = L2 ■ El = L3 ■ E3 = L3 • Gi = 1 . 
Therefore we have 

_* / r\7Ti 771 IT' IT' IT' 

J2 — — -t^i — ^5 

4 2 12 1 

-E2 - E3- -E4 - -E5 - -Fi - -F2 

3 11 
E2 — -^Es — E4 — -E^ — -Gi . 
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Ll ~Q 


7r*(Li) 


-El- 




7r*(L2) 




L2 ~Q 






7r*(L3) 









Kx we see that lct(X) < |. Moreover there are two -1 curves 



and since Li ~q L2 ~q L^^ ~, 

Z4 and L5 that intersect the fundamental cycle as following 

L4 • Fi = L4 • F2 = 1 and L4 ■ Gi = ■ Ei = for ah i = 1, 5 

and 



L5 • Gi 
The inequalities 



2 and L5 ■ Ei = L5 ■ Fj = for all i = 1, 5 and j = 1,2 



U < L) ■ 


^1 


-j^ 


ai — 


05 




< JJ ■ 


r 


-j^ 


a2 - 


J, 

Ol 




< D ■ 


L3 




03 — 


Cl 




< i) ■ 


T 

La 


= 1 — 


bi - 


^2 




0<D- 


h 


= 1 - 


2ci 






0<Ei 


■D 


= 2ai 


- a2 






0<E2 


■D 


= 2a2 


- ai 




as 


0<E3 


■D 


= 203 


- a2 




04 


0<E4 


■D 


= 2a4 


- 03 






0<F5 


■D 


= 2a5 


— 04 






< Fi 


■D 


= 2bi 


-62 






< F2 


■D 


= 2b2 


-61 






< Gi 


■D 


= 2ci 









imply that 



5 , , 4 5,2,2 1 
oi < ^, 02 < 1, as < 1, a4 < -, as < -, 61 < -, O2 < o' < - , 

6 3 6 3 3 2 



and what is more 



3 4 5 

205 > 04 , -04 > 03 , -03 > 02 , -a2 > ai . 



The equivalence 

Kj^ + XD + XaiEi + \a2E2 + Aa3F3 + Aa4-E4 + \a^E^ + \hiFi + A62F2 + AciGi ~q tt* (ifx + AL») 
implies that there is a point Q G Fi U F2 U F3 U F4 U F5 U Fi U F2 U Gi such that the pair 

K^ + \I) + \aiEi + Aa2F2 + Aa3F3 + Aa4F4 + Aas^s + A61F1 + A62-P2 + AciGi 
is not log canonical at Q. 

• If the point Q & Ei and Q ^ E2 then 

Ki^ + XD + aiXEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El , since aiA < 1 . 
By adjunction (Ei, XD\e^) is not log canonical at Q and 

2ai - ^ai >2ai-a2 = D-Ei> multQ (d ■ Ei) > 1- > 7: , 
5 V / A 2 

implies that oi > | which is a contradiction. 

• If Q G Fi n F2 then the log pair 

K-^ + XD + aiXEi + a2AF2 
is not log canonical at the point Q and so are the log pairs 

K-^ + Xi) + Ei + a2XE2 and Kj^ + XD + aiXEi + E2 . 
By adjunction it follows that 

2a2 - ai - a3 = D ■ E2 > multg (^D\e2^ = multQ (^D ■ F2^ > ^ - ai > ^ - ai , 
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and 
2a 



i-a2 = D ■ Ei> multQ (^D\ei^ = multg (^D ■ Ei^ > ^ - 02 > ^ - ^2 • 



Prom the first inequafity we get 03 > ^ and then we see that 

12 3 3 
1 > ai + 05 > ai + - • -03 > - + — > 1 , 

which is a contradiction. 

• UQ€E2hutQ^EiU E3 then 

Kj^ + XD + a2\E2 
is not log canonical at the point Q and so is the pair 

+ XD + E2 , since < 1 . 
By adjunction {E2, XD\e2) is not log canonical at Q and 

2a2 - ^02 - ^ >2a2 - ai - az = D ■ E2> multQ [plE-^ = multg (^D ■ £^2^ X ^ ^ ' 

This implies that 02 > 2 which is a contradiction. 

• If Q G £^2 n E3 then the log pair 

K^ + \I) + a2\E2 + asXEs 
is not log canonical at the point Q and so are the log pairs 
Kj^ + XD + a2XE2 + E3 , since Xas < 1 . 
By adjunction it follows that 

2a3 - 02 — 04 = £> • £^3 > multQ (^D ■ £3^ > - 02 > ^ — a2 . 

which, together with the inequality 04 > |a3, implies that 03 > |. However, this is 
impossible since 03 < 1. 

• If Q G £3 but Q £2 U E4 then 

K^ + XD + asXEs 
is not log canonical at the point Q and so is the pair 

+ XD + £3 , since a^X < 1 . 
By adjunction (E3, XD\e3) is not log canonical at Q and 

2a3 - 02 - 04 = £> • £3 > multQ (^D\e3^ = multQ • £3 j > ^ > ^ , 

which is false as we saw in the previous case. 

• If the point Q e Fi and Q ^ F2 then 

K^ + XD + biXFi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Fi , since 5iA < 1 . 
By adjunction {Fi, XD\f-^) is not log canonical at Q and 

5*1 - y > 26i - 62 = • £1 > multQ(£> ■ ^1) > X > ^ ' 



26i 



implies that 61 > 1 which is a contradiction. 
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• li Q £ Fif] F2 then the log pair 

K^ + \D + biXFi + 62AF2 
is not log canonical at the point Q and so are the log pairs 

K^ + XD + biXFi + F2 

and 

K^ + XD + Fi + 62AF2 ■ 
By adjunction it follows that 

1 , 3 



26i - 62 = -D ■ Fi > multQ (^D\f,^ = multg • Fi) > - - 62 > - - 62 



and 

2b2-bi=D-F2> multQ^i)!^^) = multg^i) • ^2) > ^ - 61 > ^ - 61 
This implies that 

l>6i + 62>^ + ^ 

which is a contradiction. 
• If the point Q e Gi then 

K^ + XD + ciXGi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Gi , since ciA < 1 . 
By adjunction (Gi, XD\gi) is not log canonical at Q and 

l>2ci=D-Gi> multQ (^D-Gi^ >j>^ 



A 2 ' 



which is a contradiction. 



□ 



5.8. Del Pezzo surface of degree 2 with an E7 type singularity. In this section we will 
prove the following. 

Lemma 5.8. Let X be a del Pezzo surface with one Du Vol singularity of type E7 and = 2. 
Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Suppose that lct(X) < g, then there exists an effective Q-divisor D ~q —Kx such that 
the log pair (X, XD) is not log canonical, where A < g. We derive that the pair {X, XD) is log 
canonical everywhere except for a point P G X at which it is not log canonical. Let tt : X ^ X 
be the minimal resolution of X. The configuration of the exceptional curves is given by the 
following Dynkin diagram. 

E/. ^Ei ^£3 ^E^ ^Eq ^Er 



0E4 

Then 

D ~Q 7r*(D) - aiEi — 02 £^2 — a^E^, — a^E^ — a^E^ — uqEq — arEj . 

By the way we obtain X as the blow up of at seven points we can see that there is a —1 
curve L that intersects the exceptional divisor E7. In fact we have 

3 5 3 
L ~Q 7r*(L) — El — 2E2 — SEs — -E4 — -E5 — 2Eq — -E-j , 

and since 2L G | — Kx\ we get that lct(X) < g. 
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The inequalities 



< L> 


■ L = 


1 - 


ay 




0<Ei- 


D = 


2ai 


-2a2 




()<E2- 


D = 


2a2 


-ai - 


as 


0<E3- 


D = 


2a3 


- 02 - 


05 — a4 


0<E4- 


D = 


2a4 


-as 




0<E5- 


D = 


2a5 


-as - 


de 


0<Ee- 


D = 


2aQ 


- as - 




0<Et 


D = 


la-j 


- ae 





imply that ai < 2, a2 < 3, as < 4, 04 < |, 05 < 3, ag < 2, ay < 1 . The equivalence 

+ A£> + Aai^i + Aa2£^2 + Aaa^a + Aa4-E4 + Aa5£;5 + \a^E^ + \a^E'J ~q 7r*(Kx + AZ)) 
implies that there is a point Q G £^1 U £^2 U £^3 U £^4 U U U £^7 such that the pair 
+ \D + Aai^i + \a2E1 + Xa^E^ + Xa^E^^ + Xa^E^ + XqqEq + XajE-j 

is not log canonical at Q. 

• If the point Q e Ei and Q ^ E2 then 

iC^ + A^ + Aai£;i 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El since Aai < 1 . 
By adjunction (Ei, XD\ei) is not log canonical at Q and 

2ai - ^ai > 2ai - 02 = -D • £1 > multQ (j) ■ Ei^ > 6 , 

which is false. 

• If the point Q G -Si n £2 then 

K-^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so are the pairs 

K-^ + Xi) + Ei + Xa2E2 and Kj^ + XD + XaiEi + E2 . 
By adjunction 

2ai — a2 = D ■ El > multg (JD\ei^ = multg (^D ■ Ei^ > 6 — 02 and 

and 

2a2 — ai — a3 = D ■ E2> multg (^D\e2^ = multg (^D ■ £2) > 6 - ai , 

which is false. 

• If the point Q € E2\{Ei U E3) then 

+ XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E2 . 

By adjunction 

2a2 - ai - az = b ■ E2> multg {p\E^ = multg (^D ■ E-^ > 6 , 
which is false. 
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If the point Q G -^2 n i?3 then 

Kj^ + XD + \a2E2 + XasEs 
is not log canonical at the point Q and so arc the pairs 

+ \D + E2 + Xa^Es and + \D + \a2E2 + E^ . 

By adjunction 

2a2 — ai — = D ■ E2 > multg (^D\e2^ = multg (^D ■ E2^ > 6 — 03 and 
and 

2a3 - 02 - 05 - 04 = £> • > multg {£>\e^ = multg (^D ■ E^^ > 6 - 02 , 
which is false. 

If the point Q G E3\{E2 U U E5) then 

K^ + XD + XaaEs 
is not log canonical at the point Q and so is the pair 

K^ + XD + Es . 
By adjunction {E3, Ai^l^g) is not log canonical at Q and 

2a3 - 02 - 04 - as = i5 ■ £^3 > multg (p\E3^ = multg (^D ■ E^^ > 6 , 
which is false. 

If the point Q e E^CiE^ then 

K-^ + XD + Xa^E^ + Aa4£^4 
is not log canonical at the point Q and so are the pairs 

K-^ + Xi) + E3 + Xa4E4 and K-^ + XD + XasE^ + E4 . 
By adjunction 

203 — a2 — a4 — = D ■ E^ > multg (^D\e3^ = multg (^D ■ E^^ > 6 — 04 and 
and 

2a4 — as = D ■ E4 > multg (JD\e^^ = multg (^D ■ £^4^ > 6 — 03 , 
which is false. 

If the point Q G E4\Es then 

K^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

K^ + Xb + E4 . 
By adjunction {E4, AZ^I^^) is not log canonical at Q and 

2a4-a3 = D-E4> multg (^D\e4^ = multg • £^4) > 6 , 
which is false. 

If the point Q G £'3 n £5 then 

K^ + XD + XaaEs + Xa^Es 
is not log canonical at the point Q and so are the pairs 

Kj^ + XD + Es + Xa^E^ and Kj^ + Xb + Xa^E^ + E5 . 
By adjunction 

2a3 — a2 — a4 — = D ■ E3 > multg (^D\e3^ = multg (^D ■ E^j > 6 — 05 and 
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and 

2a5 - a3 - ae = D ■ > multg (J^Ies^ = multg (^D ■ E^^ > 6 - as , 
which is false. 

If the point Q G E^XiE^ U Eq) then 

Kj^ + \D + \a5E5 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E5 . 
By adjunction (£^5, \D\e^) is not log canonical at Q and 

2a5 - as - ae = D ■ E^ > multg (^D\es^ = multg (JD ■ E^^ > 6 , 
which is false. 

If the point Q & E^ (1 Eq then 

Kj^ + XD + Xa^E^ + XaeEe 
is not log canonical at the point Q and so are the pairs 

Kj^ + Xi) + E5 + XagEe and K-^ + XD + Xa^E^ + Eq . 
By adjunction 

2a5 — a^ — aQ = D ■ E^> multg (^D\e^ = multg (JD ■ E^ > 6 — ae and 
and 

2aQ - a^- a-j = b ■ Eq> multQ {p\E^ = multg (^D ■ Eq^ > 6 - 05 , 
which is false. 

If the point Q G Ee\{E5 U Er) then 

is not log canonical at the point Q and so is the pair 

K^ + XD + Ee . 
By adjunction (Eq,D\eq) is not log canonical at Q and 

2aQ- - ar = D ■ Ee> multQ (^b\Ee^ = multg ■ E^j > 6 , 
which is false. 

If the point Q e EqDE^ then 

Kj^ + XD + XaaEe + XarEj 
is not log canonical at the point Q and so are the pairs 

K-^ + Xb + E6 + XarEr and K-^ + XD + XaeEg + Er . 
By adjunction 

2aQ — — a-j = b ■ Eq> multQ {^b\E^ = multg ■ Eq^ > 6 — 07 and 
and 

2a-7 - aQ = b ■ E-j > multQ {b\E.j^ = multQ (^b ■ E^^ > 6 - ae , 
which is false. 
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• If the point Q € Ey\Eq then 

Ki^ + XD + XajEj 
is not log canonical at the point Q and so is the pair 

+ \b + Ej . 

By adjunction (£^7, ADj^;-,) is not log canonical at Q and 

2aT-aQ = D-E7> multg (^D\ej^ = multg (^D ■ Et^ > 6 , 
which is false. 

□ 

5.9. Del Pezzo surfaces of degree 2 with one De ^ind one Ai singularity. In this section 
we will prove the following. 

Lemma 5.9. Let X be a del Pezzo surface with one Du Val singularity of type Dg, one of type 
Ai and K\ = 2. Then the global log canonical threshold of X is 

lct(X) = \ . 

Proof. Suppose that lct(X) < |, then there exists a Q-divisor D ~q —Kx, such that the log 

pair {X,XD) is not log canonical for some rational number A < ^- We derive that the pair 
{X, XD) is log canonical outside of a point P £ X and not log canonical at P. Let it : X ^ X 
be the minimal resolution of X. The configuration of the exceptional curves is given by the 
following Dynkin diagram. 

lie + Ai. ^Ei ^Es .^4 ,E5 .^6 ,Fi 



^E2 

Then 

D ~Q '!T*{D) - aiEi - a2E2 - 2a^E'i - 2a4£'4 - 2a^Er, - a^E^ - biFi . 
Prom the way we blow up to obtain X we can see that there exist -1 curves L\,Lq such that 

Li ■ El = ■ Eq = Lq ■ Fi = 1 

and therefore 

~ 3 3 1 

Li ~Q TT (Li) — -^Ei — E2 — 2E3 — -E4 — E5 — -Eq 

and ^ ^ ^ 

Lq ~q 7r*(L6) — -El — -E2 — E3 — E4 — E5 — Eq — -Fi . 

Since 2Li ~q 2Lq ~q —Kx we get that lct(X) < |. Prom the inequalities 



0<D- 


Li 


= 1 - 


ai 




0<D- 


Lq 


= 1 - 


205 - 


bi 


0<Ei 


■D 


= 2ai 


-203 




0<E2 


b 


= 2a2 


-2a3 




0<Es 


b 


= 4a3 


- ai - 


- a2 - 


0<E4 


■ b 


= 4a4 


-2a3 


- 205 


0<£5 


■ b 


= 4a5 


— 204 


- Qq 


0<Eq 


■ b 


= 2aQ 


- 2a5 




0<Fi 


■ b 


= 2bi 
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we see that 

as < ai, as < a2, a4 < as, 05 < 04, a^ < 2a5 

and 

3 4 3 3 5 

05 < ae, a4 < -05, 03 < -04, ai < -as, 02 < -as, ai + 02 < -as 

In particular we get the following upper bounds 

2 3 1 

ai < 1, 02 < 1, 03 < -, 04 < -, a5 < -, ae < 1, 61 < 1 . 

The equivalence 

Kj^ + XD + XaiEi + Xa2E2 + 2Aa3£'3 + 2Aa4£'4 + 2Xar^Er, + XaaEa ~q ■k*{Kx + AD) 
implies that there is a point Q G £^1 U £^2 U £"3 U £^4 U -E5 U E'e such that the pair 
K^ + XD + XaiEi + Aa2£2 + 2Aa3£3 + 2Aa4£4 + 2Aa5£'5 + Aae-Ee 
is not log canonical at Q. 

• If the point Q G Ei\Es then 

+ A^ + Aai^i 
is not log canonical at the point Q and so is the pair 

+ Xb + El, since Aai < 1 . 
By adjunction {Ei,XD\e^) is not log canonical at Q and 

2ai - ^ai > 2ai - 203 = £» • £1 > multg (^-DIei) = multg [d ■ E]^ > 4 , 

implies that ai > 6 which is false. 

• If Q G £3 but Q £1 U £2 U £4 then 

K^ + Xb + 2XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + Es, since 2Aa3 < 1 . 
By adjunction (£3, Ai'l^g) is not log canonical at Q and 

4a3 - as- as - ^03 > 4a3 - ai - 02 - 2a4 = ^ • £3 > multQ {p\E^ = multQ (^I) ■ £3^ > 4 

implies that 03 > 8 which is false. 

• If Q G £1 n £3 then the log pair 

K^ + Xb + XaiEi + 2Aa3£3 
is not log canonical at the point Q and so is the log pair 

Kj^ + Xb + XaiEi + £3 . 
By adjunction it follows that 

—04 — 04 — 2a4 — ai > 4a3 — ai — 02 — 2a4 = £> • £3 > multg (^\e^ = multg (^b ■ £3^ > 4 — 

and this implies that 04 > ^ which is false. 

• If Q G £3 n £4 then the log pair 

Kj^ + Xb + 2XasEs + 2Aa4£4 
is not log canonical at the point Q and so is the log pair 

Kj^ + Xb + 2XasEs + £4, since 2Aa4 < 1 • 

By adjuction 

605 - 2a5 - 2a3 > 4a4 - 203 - 2a5 = £> ■ £4 > multQ (^b\Ei^ = multg (^b ■ £4^ > 4 - 203 . 
and this implies that 05 > 1 which is false. 
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• If the point Q € E4\{E3U E^) then 

Kj^ + XD + 2Aa4-E4 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + E4 . 
By adjunction {E4, A^l^^) is not log canonical at Q and 

4a4 - 2a4 - ^04 > 4a4 - 2a3 -2a^ = D ■ E4> multg {d\e^ = multg (^D ■ E^j > 4 , 

and this implies that 04 > 6 which is false. 

• Q G E^\{E4 U Eq) then the log pair 

K^ + \D + 2\ar,Er, 
is not log canonical at the point Q and so is the pair 

Kj^ + \D + E^, since 2\a^ < 1 . 
By adjunction (£^5, \D\e^) is not log canonical at Q and 
4a5 — 2a5 — 05 > 4a5 — 2a4 — = D ■ E^> multg (Jd\e^ = multg ^i) • £"5^ > 4 , 

and this implies that ag > 4 which is false. 

• If Q G £4 n £5 then the log pair 

K^ + \i) + 2Aa4-E4 + 2^05^5 
is not log canonical at the point Q and so is the log pair 

K^ + \b + 2Aa4-E4 + -E5 . 

By adjuction 

4a5 — as — 2a4 > 4a5 — 2a4 — = D ■ E^ > multg (JD\e^^ = multg (jj ■ £5^ > 4 — 204 

implies that 05 > | which is false. 

• li Q € E5 n Eq then the log pair 

K-^ + XD + 2\a^E^ + XqqEq 
is not log canonical at the point Q and so is the log pair 

Kj^ + \D + 2\a^E^ + Eq, since Aae < 1 

By adjuction 

2a6 - 205 = £> • ^6 > multg = multg (^L> • Ee) > 4 - 205 • 

implies that ae > 2 which is false. 

• If the point Q G Eq\E^ then 

+ AZ) + Aae-Ee 
is not log canonical at the point Q and so is the pair 

K^ + XD + Eq. 
By adjunction [Eq, \D\eq) is not log canonical at Q and 

2a6 - ae > 2aQ - 2a^ = D ■ Eq> multg (-D|Eg) = multg {l) ■ E^ > 4 , 
implies that ae > 4 which is false. 
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• If the point Q & Fi then 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Fi, since A5i < 1 . 
By adjunction (Fi, XD\fj^) is not log canonical at Q and 

2bi=D-Fi> multQ (^|fi) = multg (jj ■ Fi^ > 4 , 
which is false. 

□ 

5.10. Del Pezzo surfaces of degree 2 with one I]>4 and three Ai type singularities. In 

this section we will prove the following. 

Lemma 5.10. Let X be a del Pezzo surface with one Du Vol singularity of type D4, three of 
type Ai and = 2. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Let X be a del Pezzo surface with one Du Val singularity of type D4, three Ai type 
singularities and Kj^ = 2. Suppose lct(X) < i. Then there exists an effective Q-divisor 
D e X such that the log pair {X, XD) is not log canonical for some rational number A < ^ and 
D ~Q —Kx- 

We derive that the pair {X, XD) is log canonical outside of a point P € X and not log 
canonical at P. Let tt : X ^ X he the minimal resolution of X. The following diagram shows 
how the exceptional curves intersect each other. 

B4. ^Ei ,Fi ,F4 



Then 

£> ~Q '!T*{D) - aiEi - 02-^2 - asEs - a4^Ei - biFi - 62-P2 - hFi . 
Prom the inequalities 



< L» ■ 




= 1 - 


ai - 


hi 


< L» • 




= 1 - 


02 - 


62 


< £» • 


u 


= 1 - 


04 — 




0<Ei 


b 


= 2ai 


-03 




<E2 


■ b 


= 202 


-03 




< E3 


■ b 


= 203 


- 01 


— 02 — 04 


0<E^ 


■ b 


= 204 


-03 




< Fi 


■ b 


= 26i 






< F2 


■ b 


= 262 






< -F4 


■ b 


= 264 







we see that 

ai < 1, 02 < 1, o-z < 2, 04 < 1, 61 < 1, 62 < 1, 64 < 1 ■ 
We should note here that there are three -1 curves Li, 1^2, -C'4 such that 

Li ■ El = Li ■ Fi = L2 ' E2 = L2 ■ F2 = -Zv4 ■ £^4 = ^4 • F4. = 1 . 
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Therefore we have 

Li ~Q •7r*(Li) - El - -E2 - -B3 - 2-^4 ~ 2"^^ 
£12 ~Q 71"* (-^2) — -^Ei — E2 — E^ — -E4 — -F2 

£4 ~Q •?r*(L4) - -El - -E2 - E^ - E/i- -F4 . 

The equivalence 

Kj^ + \D + XaiEi + \a2E2 + AasE^s + Xa4E4 + A61F1 + A62-^2 + A64F4 ~q 7r*(Kx + AD) 
implies that there is a point Q S £^1 U £^2 U E's U £'4 U Fi U i<2 U F4 such that the pair 

Kj^ + \D + XaiEi + \a2E2 + \a3E3 + Aa4£;4 + A61F1 + A62-P2 + A64F4 
is not log canonical at Q. 

• If the point Q & Ei and Q ^ E3 then 

K<^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei . 
By adjunction (Ei, XD\ei) is not log canonical at Q and 

2ai-a3 = D-Ei> multg (^D\e^) = multg (^D ■ Ei^ > 2 , 

which implies that oi > 1 which is false. 

• If Q G but Q ^ £;i U £;2 U £;4 then 

K^ + XD + XasEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E3, since Aos < 1 . 
By adjunction (£'3, XD\e^) is not log canonical at Q and 

03 > 2a3 — ai — a2 — a4 = D ■ El > multQ (^D\e3^ = multg (^D ■ E^j > 2 , 

which is false. 

• If (5 G £?! n £^3 then the log pair 

+ A£» + Aai£;i + ^a3£;3 

is not log canonical at the point Q and so is the log pair 

Kj^ + XD + XaiEi + £^3 . 
By adjunction it follows that 

03 — «i > 2a3 — ai — a2 — a4 = D ■ E3 > multg (^D\e3^ = multQ (^D ■ E^^ > 2 — ai . 

and we see then that 03 > 1 which is not possible. 

• U Q E Fi then the log pair 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Fi . 

By adjunction it follows that 

2bi=D-Fi> multg (^D\fi^ = multg (d ■ Fi^ > 2 . 
and we see then that 61 > 1 which is not possible. 



5.11. Del Pezzo surfaces of degree 2 with two A3 and one Ai type singularity. In this 
section we will prove the following. 

Lemma 5.11. Let X be a del Pezzo surface with two Du Vol singularities of type A3, one Ai 
type singularity and K\ = 2. Then the global log canonical threshold of X is 

lct(X) = ^ . 

Proof. Let X be a del Pezzo surface with two Du Val singularities of type A3, one Ai type 
singularity and K]^ = 2. Suppose that lct{X) < ^, then there exists an effective Q-divisor 
D £ X such that the log pair {X, XD) is not log canonical for some rational number A < ^ and 

D —Kx- 

Let Z be the curve in | — Kx \ that contains P. Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 

We derive that the pair (X, D) is log canonical outside of a point P £ X and not log canonical 
at P. Let TTi : X — > X be the minimal resolution of X. The following diagram shows how the 
exceptional curves intersect each other. 

A3 + A3 + Al ^Ei ^E2 .E3 .Fl ,i^2 ,F3 .Gi 

Then 

D ~Q T^l{D) - aiEi - 02-^2 — a^E^ — biFi - 62-F2 — ^3-^3 - ciGi . 
From the inequalities 



0<D- 


Li 


= 1 - 


ai ~ 


61 


0<D- 




= 1 - 


02 - 


Cl 


0<D- 




= 1 - 


03 - 




0<Ei 


■D 


= 2ai 


- 02 




< ^2 


■D 


= 2a2 


- ai 




< E3 


■D 


= 2a3 


- a2 




< Fi 


■D 


= 2bi 


-62 




< F2 


■D 


= 262 


-h 




< F3 


■D 


= 263 


-62 




< Gi 


■D 


= 2ci 







we see that oi < 1, 02 < 1, 03 < 1, 61 < 1, 62 < 2, 63 < 1, ci < 1 . 

We have three lines Li,L2jL^ intersecting the fundamental cycle as following 

Li ■ El = Li ■ Fi = 1, 

^3 ■ ^3 = ^3 ■ ^3 = Ij 
L2 ■ E2 = L2 ■ G\ = 1, 

and in particular we have 

3 113 11 

Li ~Q T^i{Li) - -El - -E2 - -E^ - -Fi - -F2 - -F3 

L2 ~Q 7ri(L2) — --El — E2 — -Es — -Gi 

L3 ^1(^3) - - 2-^2 - -^Es - - ■^F2 - ■ 

The equivalence 

K<^ + XD + XaiEi + Aa2^2 + Aos^s + XD + XbiFi + Xb2F2 + A63F3 + AciGi ~q 7i:l{Kx + XD) 
implies that there is a point Q £ Ei L) E2 L) E3 U Fi U F2 U F^ U Gi such that the pair 
Kj^ + XD + XaiEi + Ao2£;2 + Ao3£;3 + XD + XbiFi + A62F2 + A63F3 + AciGi 
is not log canonical at Q. 
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• If the point Q e Ei and Q ^ E2 then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + Ei. 
By adjunction {El,XD\E-^) is not log canonical at Q and 

^ai >2ai-a2=D-Ei> multg (^D\ei) = multg (i) • ^i) > 2 , 

implies that ai > | which is false. 

• If Q e E2hut Q ^ EiU Es then 

K^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2, since Xa2 < 1 • 
By adjunction (E2, XD\e2) is not log canonical at Q and 

>2a2-ai-a3 = D-E2> multQ (^DIe^) = multQ (f» • £^2) > 2 , 



a2 



which is false. 

• U Q e Eir\E2 then the log pair 

K-^ + XD + XaiEi + Xa2E2 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Ei + Xa2E2 . 
By adjunction it follows that 

2ai- a2 = D ■ Ei> multQ (^D\ei^ = multg (^D ■ Ei^ > 2 - 02 

and this implies that ai > 1 which is false . 

• If Q G Gi then the log pair 

K^ + XD + XciGi 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Gi . 

By adjunction it follows that 

2ci = D Gi> multQ (^£»|gi) = multQ (^^ • > 2 
which is false. 



□ 



5.12. Del Pezzo surfaces of degree 2 with one A5 and one A2 type singularity. In this 

section we will prove the following. 

Lemma 5.12. Let X be a del Pezzo surface with one Du Val singularity of type A5, one of type 
A2 and K\ = 2. Then the global log canonical threshold of X is 

lct(X) = i . 
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Proof. Suppose lct(X) < |. Then there exists an effective Q-divisor D ^ X such that the log 
pair {X, XD) is not log canonical and D ~iq —Kx, where A < ^. Therefore the log pair {X, XD) 
is also not log canonical. 

Let Z be the curve in | —Kx\ that contains P. Since the curve Z is irreducible we may assume 
that the support of D does not contain Z. 

We derive that the pair {X,XD) is log canonical outside of a point P e X and not log 
canonical at P. Let iri : X ~* X he the minimal resolution of X. The following diagram shows 
how the exceptional curves intersect each other. 



^5 + ^2- ,Ei 



,E2 



.^3 



.B4 



.^1 



.^2 



Then 

D ~Q T^i{D) - aiEi - a2E2 - asEs - a^Ei - a^E^ - biFi - 62-^2 • 
We have three lines Li,L^,L^ intersecting the fundamental cycle as following 
Li ■ El = Li ■ Fi = L3 ■ E3 = L5 ■ E5 = L5 ■ F2 = 1 



Therefore 



£3 

4 



TTliLi) - ^Ei - ^E2 - ^Es - - ^^5 - Ifi - ^F2 

TrUL-i) - -El - -E2 - -Es - -E, - -E^ - -Fi - -F2 

13 1 
^i(-^5) ~ 7:Ei — E2 — --E3 — E4 — -Eq 



Since 2Li ~(q 2L3 ~q 2L5 ~q —Kx we see that lct(X) < |. 
From the inequalities 



0<D- 


Li = 


1 - 


01 - 


hi 


0<D- 


U = 


1 - 


as 




0<D- 


U = 


1 - 


05 - 


b2 


0<Ei 


■D = 


2ai 


- a2 




0<E2 


■D = 


2a2 


- ai 


- as 


0<E3 


■D = 


2a3 


- 02 


— 04 


0<E4 


b = 


2a4 


- as 


- 05 


0<E5 


■D = 


2a5 


— 04 




< Fi 


■D = 


2bi 


-62 




< F2 


■D = 


2b2 


-h 





we see that 



and what is more 



ai < 1, (22 < 2' < 1, 04 < 2' ^5 < 1, 61 < 1, 62 < 1 



3 4 5 

2a5 > 04 , -04 > as , -as > a2 , -a2 > ai . 

The equivalence 

K^ + XD + XaiEi + Aa2F2 + Aas-Es + Aa4F4 + Xa^E^ + XbiFi + A62i^2 ~Q t^I{Kx + D) 
implies that there is a point Q G Fi U F2 U F3 U F4 U F5 U Fi U F2 such that the pair 

K^ + Xb + XaiEi + Aa2F2 + Aas^s + Ao4-E^4 + Xa^E^ + XbiFi + Xb2F2 
is not log canonical at Q. 
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• If the point Q € Ei and Q ^ E2 then 

+ \D + ai\Ei 
is not log canonical at the point Q and so is the pair 

K-^ + XD + El , since Aai < 1 . 

By adjunction (Ei, XD\e^) is not log canonical at Q and 

4 ~ / - \ 1 

2ai - -ai >2ai-a2 = D ■ Ei> multg ( -D • £^1 I > - > 3 , 

5 V / A 



implies that ai > | which is a contradiction. 



2 

• li Q e Eir\E2 then the log pair 



K-^ + XD + aiXEi + 02A£;2 
is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + Ei + a2XE2 and Kj^ + Xb + aiXEi + E2 . 
By adjunction it follows that 

2a2 — ai - a3 = D ■ E2> multg (^D\e2^ = multQ (^D ■ £2^ > - ai > 3 - ai , 
and 

2ai — a2 = t) ■ E\> multg (^D\e^ = multg (^D ■ Ei^ > — — 02 > 3 — 02 • 

Prom the second inequality we get that ai > | which is a contradiction. 

• If Q G ^2 but Q ^ U E'i then 

K^ + XjD + a2XE2 
is not log canonical at the point Q and so is the pair 

+ XD + E2 , since a2A < 1 . 
By adjunction {E2.,XD\e2) is not log canonical at Q and 

2a2 ^'^2 > 2a2 - ai — 03 = ■ £^2 > niultQ {d\e^ = multg (^D ■ E2^ > > 3 . 

Then we get 02 > 4 which is a contradiction. 

• If (5 G -E'2 n £^3 then the log pair 

K^ + Xb + a2XE2 + aaA-Es 
is not log canonical at the point Q and so are the log pairs 
Kj^ + Xb + a2XE2 + E3 , since Aa3 < 1 . 
By adjunction it follows that 

2a3 — a2 — a4 = b ■ E^ > multg (^b ■ E^j > — — 02 > 3 — 02 . 

which, together with the inequality 04 > |a3, implies that 03 > |. However, this is 
impossible since 03 < 1. 

• li Q e Eshut Q ^ E2U E4 then 

K^ + Xb + asXEs 
is not log canonical at the point Q and so is the pair 

Kj^ + xb + £'3 , since a3A < 1 . 
By adjunction (£'3, Xb\E^) is not log canonical at Q and 

203 - ^03 - ^03 > 2a3 - 02 - 04 = ^ • £3 > multg (dIe^^ = multg (^b ■ £3^ > > 3 , 

implies that 03 > | which is false. 
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• li Q £ Fi then the log pair 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the log pair 

Kj^ + \D + Fi . 

By adjunction it follows that 

^61 >2bi-b2=D-Fi> multQ = multg (^D ■ Fi^ > 3 . 

and we see then that 61 > 2 which is not possible. 

• If (5 G -Fi n F2 then the log pair 

K<^ + XD + XbiFi + \b2F2 
is not log canonical at the point Q and so is the log pair 

K^ + \b + Fi + XbiFi . 
By adjunction it follows that 

26i - 62 = £» • Fi > multg = multg (^^ • Fi) > 3 - 62 • 

and we see then that hi > | which is false. 

• If Q G F2 then the log pair 

K^ + \I) + \b2F2 
is not log canonical at the point Q and so is the log pair 

Kj^ + \b + F2. 

By adjunction it follows that 

^62 >2b2-bi = b-F2> multg (1)1^2) = multQ (i) • F2) > 3 . 
and we see then that 62 > 2 which is not possible. 



□ 



5.13. Del Pezzo surfaces of degree 2 with exactly one A7 type singularity. In this 
section we will prove the following. 

Lemma 5.13. Let X be a del Pezzo surface with at most one Du Val singularity of type A7 and 
K\ = 1. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose that lct(X) < ^, then there exists an effective Q-divisor D £ X and a positive 
rational number A < |, such that the log pair (X, AZ?) is not log canonical and D ~q —Kx, 
where A < |. 

We derive that the pair {X,XD) is log canonical outside of a point P e X and not log 
canonical at P. Let tti : X ^ X he the minimal resolution of X. The following diagram shows 
how the exceptional curves intersect each other. 

Ay. ^Ei ^E2 ^Es ,£4 ,^6 ,B6 ,^7 

Then 

b ~(Q Trl{D) - aiEi - a2E2 - asEs - a4^E4 - a^E^ - gqEq - utEt . 

Furthermore there are lines L2,Lq & X that pass through the point P whose strict transforms 
are (— l)-curves that intersect the fundamental cycle as following. 

L2 ■ E2 = Lq ■ Eg = 1 
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and 

Li ■ Ej = for all i,j = 2, 6 with i j ■ 

Then we easily get that 

L2 = 7r*(L2) — -El — -E2 — -E3 — E4 — -E5 — -Eq — -Er 

Le = TT*{Le) — -Ei — -E2 — -E^ — E4 — -E^ — -Eq — -E'j . 

Because 2L2 ~(Q) 2L6 ~q —Kx we have that lct(X) < i. 
Prom the inequalities 



< L» • 


L2 


= 1 - 


a2 




0<D- 


Le 


= 1 - 


06 




0<Ei 


■ b 


= 2ai 


- 02 




0<E2 


b 


= 2a2 


- 01 


- 03 


0<E3 


■ b 


= 2a3 


- a2 


— 04 


0<E4 


■ b 


= 2a4 


- as 


- as 


0<E5 


■ b 


= 2a5 


— Qi 


- ae 


0<Eg 


■ b 


= 2a6 


- 05 


- ai 


0<E7 


■ b 


= 207 


- 06 





we get 
and 

Therefore 



2a-j > 06 , -06 > 05 , -05 > 04 , -04 > 03 , -03 > 02 , -02 > oi 

2 3 4 5 6 

3 4 5 6 7 

2ai > 02 , -02 > 03 , -03 > 04 , -04 > 05 , -05 > 06 , -06 > 07 . 

2 3 4 5 6 

7 3 3 7 

Ol < g , 02 < 1 , 03 < 2 ' < 2 , 05 < - , 06 < 1 , 07 < - . 



The equivalence 

K-^ + \b + XaiEi + Xa2E2 + XasEs + Aa4£^4 + AosE^s + Aoe^^e + Aoy^Jr ~q ttHKx + D) 
implies that there is a point Q G EiU E2U E^U E4U Er,\J EqU Ej, such that the pair 

Kj^ + XD + Aai£^i + Xa2E2 + Xa^E^ + Xa^E^ + Xa^E^ + Xu^Eq + Xa-jE'j 
is not log canonical at Q. 

• If the point Q € Ei and Q ^ E2 then 

K<^ + Xb + aiXEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El , since oiA < 1 . 
By adjunction (£'1, XD\e^) is not log canonical at Q and 

^ai > 2ai - ^ai > 2ai - a2 = b ■ Ei > multQ (b ■ eA > ^ > 3 , 
it \ J X 

which is false, since oi < g. 

• li Q ^ EiC\ E2 then the log pair 

Kj^ + Xb + XaiEi + Xa2E2 
is not log canonical at the point Q and so is the log pair 

K^ + Xb + Ei + Xa2E2 . 
By adjunction it follows that 

2o2 - ^02 - ai > 2o2 - ai — as = b-E2> multQ (J^\e2^ = multQ (^b ■ E^^ > - 02 > 3 - oi , 
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which is false, since 02 < 1- 

• If Q G -Bs but Q U E3 then 

K^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

+ \D + E2 , since A02 < 1 . 

By adjunction {E2, XD\e2) is not log canonical at Q and 

5 ~ / ~ \ 1 

2a2 - -02 >2a2-ai-a3 = D ■ E2> multg [D- E2j > j>3 , 

which is false, since 02 < 1- 

• If Q G £'2 n £^3 then the log pair 

Kj^ + XD + Xa2E2 + Xa^E^ 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa2E2 + E3 , since Aa3 < 1 . 
By adjunction it follows that 



2a3 - 02 - -03 > 2a3 - 02 - 04 = Z) • £'3 > multQ yD\Ejj = multg [D ■ E^j > - - 02 > 3 - 02 , 

which implies that 03 > |, which is impossible. 

• If Q G £3 but Q £2 U E4 then 

K^ + XD + XaaEs 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + £3 , since Aa3 < 1 . 

By adjunction [E^, XDIe^) is not log canonical at Q and 

4 - / ~ \ 1 

203 — -03 > 2a3 — 02 — 04 = I? • £3 > multg yD ■ E^j > — > 3 . 

This inequality implies that 03 > |, which is impossible. 

• If (5 G £3 n £4 then the log pair 

K-^ + XD + AflaE'a + Aa4£;4 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Aa3£3 + £4 , since Aa4 < 1 . 
By adjunction it follows that 

2a4 — 03 — -04 > 2a4 — 03 — as = • £4 > multQ (^D\e4^ = multg (^D ■ £4^ > — — 03 > 3 — 03 , 

which contradicts 04 < 2. 

• If (5 G £4 but (5 £3 U E5 then 

K<^ + XD + Xa^E^ 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E4 , since Aa4 < 1 . 
By adjunction {E4, XDIe^) is not log canonical at Q and 

2a4 — ^04 > 2a4 — 03 — 05 = • £4 > multg (^D\e4^ = multg (JD ■ £4^ > > 3 , 



which is false since 04 < 2. 



□ 
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5.14. Del Pezzo surfaces of degree 6 with one A2 and one Ai type singularity. In this 
section we will prove the following. 

Lemma 5.14. Let X be a del Pezzo surface with one Du Vol singularity of type A2, one of type 
Ai and K\ = 6. Then the global log canonical threshold of X is 

lct{X) = i . 

Proof. Suppose that lct{X) < g. Then there exists an effective Q-divisor D ^-^q —Kx such that 
the log pair {X, \D) is not log canonical for a rational number A < g. 

We derive that the pair (X, \D) is log canonical everywhere except for a singular point P, at 
which point P it is not log canonical. Let tti : X ^ X he the minimal resolution of X. The 
following diagram shows how the exceptional curves intersect each other. 

A2 + Ai ^Ei .B3 

Then 

D ~Q 7ri(D) - aiE'i - 02 £^2 - CI3-E3 ■ 
We have a —1 curve Li intersecting the fundamental cycle as following 

L\ • E2 ~ L'l ' -^3 ~ 1 ) ■ E\ = 

and 

12 1 

Li ~Q ttI{Li) - -El - -E2 - -E^ . 

Since 6L1 ~q —Kx we see that \ci{X) < i. 
From the inequalities 

< Z) . Li = 1-02-03 

Q<Ei-b = 2ai - 02 

Q<E2-D = 2a2 - ai 

0<E3-D = 2a3 

we see that ai < 2, 02 < 1, 03 < 1 . 
The equivalence 

K-^ + XD + XaiEi + \a2E2 + Xa^E'i ~q 7r*(ii'x + )^D) 
implies that there is a point Q G £'1 U £^2 U £^3 such that the pair 

K^ + \b + \aiEi + Aa2-B2 + Aaa^a 

is not log canonical at Q. 

• If the point Q e Ei and Q ^ E2 then 

Kj^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + Xb + El , since Xai < 1 . 
By adjunction {Ei,XD\e-i) is not log canonical at Q and 

2ai - y > 2ai - 02 = • £1 > multg = multg (d ■ Ei^ > 6 , 

implies that ai > 4 which is false. 

• If Q G £1 n £2 then the log pair 

K-^ + Xb + XaiEi + Aa2£2 
is not log canonical at the point Q and so are the log pairs 

Kj^ + Xb + Ei + Xa2E2 and K-^ + XD + XaiEi + E2 , 

96 



since Aa2 < 1. By adjunction it follows that 

2ai-a2 = D-Ei> multg (J^\ei^ = multg (j) ■ Ei^ > 6 - 02 

and 

2a2 — ai — as = D ■ E2 > multg ^^1^2^ = multQ (^D ■ £^2^ > 6 — oi . 

This implies that ai > 3, 02 > 3 which is false. 
• li Q € E^ then the log pair 

+ \D + Aaa^a 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Es. 

By adjunction it follows that 

2 > 203 = • ^3 > multQ (^D\es) = multQ (^D ■ £3^ > 6 
which is a contradiction. 



□ 



5.15. Del Pezzo surfaces of degree 5 with exactly one A4 type singularity. In this 

section we will prove the following. 

Lemma 5.15. Let X be a del Pezzo surface with exactly one Du Val singularity of type A4 and 
= 5. Then the global log canonical threshold of X is 

lct(X) = i . 

Proof. Suppose lct(X) < |. Then there exist an effective Q-divisor D ~q —Kx and a positive 
rational number A < such that the log pair (X, XD) is not log canonical. 

We derive that the pair {X, XD) is log canonical everywhere except for a Du Val point P, at 
which point the pair is not log canonical. Let tti : X — > X be the minimal resolution of X. The 
following diagram shows how the exceptional curves intersect each other. 

A4. ^Ei ^E2 ,E3 ^Ei 

Then 

t) ~Q ttI{D) - aiEi - a2E2 - U'iEs - a4^Ei . 

Furthermore there is a line Li G X that passes through the point P, whose strict transform 
intersects the fundamental cycle as following 

Li-E2 = l and Li ■Ej = Q for ah j = 1, 3, 4 . 

Then we easily get that 

3 6 4 2 
L\ ~Q 7r*(Li) — -£^1 — -E2 — -Es — -E4 . 

Because 5Li ~q —Kx we have that lct(X) < |. 

Since Li is irreducible we can assume that Li ^ SuppD. Then from the inequalities 



< L> • 


Li = 


1 - 


a2 


0<Ei 


■D = 


204 


— a2 


0<E2 


■D = 


2a2 


- ai - as 


0<E3 


■D = 


203 


-02-04 


0<E4 


■D = 


2a4 


- 03 



we get 

3 4 

204 > as , -as > a2 , -02 > ai 
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and 

3 4 
2ai > 02 , -a2 > aa , -as > 04 . 

Therefore 

4 3 „ 

ai < - , 02 < 1 , as < - , 04 < 2 . 

The equivalence 

K^ + \b + \aiEi + Aa2£;2 + Aos-Eg + Aa4-E4 ~q -nUKx + AL>) 
implies that there is a point Q G -Ei U £'2 U E's U £'4, such that the pair 

K^ + XD + XaiEi + Aa2£2 + Aas^s + Aa4£;4 

is not canonical at Q. 

• If the point Q G Ei and Q ^ E2 then 

+ XD + aiXEi 
is not log canonical at the point Q and so is the pair 

Kj^ + AD + El , since aiA < 1 . 
By adjunction (Ei, XD\ei) is not log canonical at Q and 

^ > 2ai - jai >2ai-a2 = D ■ Ei> multg (d-Ei) > ^ > 6 , 

which is a contradiction. 

• If Q G £1 n £2 then the log pair 

K-^ + XD + XaiEi + Aa2£2 
is not log canonical at the point Q and so is the log pair 

K^ + XD + Ei + Xa2E2 . 
By adjunction it follows that 

2ai - a2 = D ■ El > multg (^D\ei^ = multg (^D ■ Ei^ > ^ - 02 > 6 — 02 , 
and 

2a2 — ai — as = D ■ E2 > multg (^D ■ £2 j > — > 6 — ai . 

This implies that ai > 3 which is false. 

• If Q G £2 but Q ^ £1 U E3 then 

Kj^ + XD + Xa2E2 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + E2 , since Aa2 < 1 . 
By adjunction {E2, XD\e2) is not log canonical at Q and 

2a2 - y - ^02 > 2a2 - ai - 03 = £) ■ £2 > multQ(^£» ■ £2) > ^ > 6 , 

which is false, since 02 < 1. 

• If (5 G £2 n £3 then the log pair 

K.^ + XD + Xa2E2 + XasE^ 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + Xa2E2 + E3 , since Aa3 < 1 . 
By adjunction it follows that 

2a2 - y - 03 > 2a2 - ai - 03 = -D ■ £2 > multQ • £2) > ^ > 6 - 
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as 



and 

2a3 - 02 - 04 = i) • £^3 > multQ (plsa^ = multg (JD ■ E^^ > ^ - 02 > 6 - 02 . 
This implies 02 > 4, 03 > 4, which is false. 

□ 

5.16. Del Pezzo surfaces of degree 4 with one A3 and two Ai type singularities. In 

this section wc will prove the following. 

Lemma 5.16. Let X be a del Pezzo surface with two Du Val singular points of type A3, two Ai 
type singular points and K\ = 4. Then the global log canonical threshold of X is 

lct(X) = \ . 

Proof. Suppose that lct(X) < |, then there exists an effective Q-divisor D such that D —Kx 
and the log pair (X, \D) is not log canonical for some rational number \ < \. 

We derive that the pair {X, \D) is log canonical everywhere except for a singular point 
P € X, where {X, \D) is not log canonical. Let tti : X X he the minimal resolution of X. 
The following diagram shows how the exceptional curves intersect each other. 

A3 + 2Ai ^Ei ,£2 ,^3 .Fi .Gi 

Then 

D ~Q 7r^(D) - aiEi - 02 £^2 - a^E^i - biFi - ciGi . 
We have two lines Li , L3 intersecting the fundamental cycle as following 

3 111 

Li ~Q 7ri(Li) - - -E2 - - ^Fi 

113 1 
L3 ~Q TTi{Ls) — -£^1 — -E2 — -£3 — -Gi 

Since 4Li ~q 4L3 ~q —Kx we see that lct{X) < |. Moreover we can assume that Li ^ 
SuppZ? and L3 SuppD. Prom the inequalities 



< z? • 


Li = 


1 - 




0<D- 


L3 = 


1 - 


03 - Cl 


0<Ei 


• D = 


2ai 


- a2 


< £2 


■ D = 


202 


- ai - 03 


< £3 


■D = 


2a3 


- 02 


< Fi 


■D = 


2bi 




< Gi 


■D = 


2ci 





we see that 

3 3 
02 < 2ai, 03 < -02 and 02 < 2a3, oi < -02 . 

Therefore we get the bounds 

Ol < 1, 02 < 2, 03 < 1, 61 < 1, Cl < 1 . 

The equivalence 

Kj^ + XD + XaiEi + Aa2-E;2 + Aa3£3 ~q 7r*(Kx + XD) 
implies that there is a point Q E Ei U E2 U E^ such that the pair 

K-^ + XD + XaiEi + Aa2-E2 + Aa3£3 

is not log canonical at Q. 
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If the point Q e Ei and Q ^ E2 then 

K^ + XD + XaiEi 
is not log canonical at the point Q and so is the pair 

Kj^ + XD + El, since Aoi < 1 . 

By adjunction {Ei, A-DIej) is not log canonical at Q and 

4 2 ~ r~ \ 

-ai > 2ai - -ai > 2ai - a2 = D ■ Ei > multg (£) ■ Eij > 4 , 

implies that ai > 3 which is false. 
If Q G £'1 n £^2 then the log pair 

Kj^ + XD + XaiEi + Aa2£2 

is not log canonical at the point Q and so are the log pairs 

Kj^ + XD + El + Xa2E2 and Kj^ + XD + XaiEi + E2 . 

By adjunction it follows that 

2ai-a2 = D-Ei> multQ^£> ■ Ei^ > 4 - 02 

and 

^02 - ai > 2a2 - Y - oi > 2a2 - ai - 03 = £> • £2 > multg (^D ■ £2) > 4 

The first inequality implies that oi > 2, which is false. 
li Q € E2 and Q -Ei U £3 then the log pair 

Kj^ + XD + Xa2E2 

is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E2 . 

By adjunction it follows that 

2a2 - y - y > 2a2 - ai - 03 = ^ ■ £3 > multg^L* • £3) > 4 

and this implies that 02 > 4, which is false. 
If the point Q e Fi then 

K^ + XD + XbiFi 
is not log canonical at the point Q and so is the pair 

Kj^ + Xi) + Fi, since A61 < 1 . 
By adjunction (Fi, XD\p-^^) is not log canonical at Q and 

2bi=D-Fi> multQ (^|fi) = multg • Fi) > 4 , 
implies that 61 > 2 which is false. 
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5.17. Del Pezzo surfaces of degree 4 with one D5 type singularity. In this section we 
will prove the following. 



Lemma 5.17. Let X he a del Pezzo surface with one Du Vol singularity of type B5 and K 
Then the global log canonical threshold of X is 



lct(X) = - . 

Proof. Suppose that lct(X) < |, then there exists a Q-divisor D G X such that D —Kx 
and the log pair {X, \D) is not log canonical, for some rational number A < g. We derive that 
the pair {X, XD) is log canonical everywhere except for a singular point P e X, where {X, XD) 
is not log canonical. Let it : X ^ X he the minimal resolution of X. The configuration of the 
exceptional curves is given by the following Dynkin diagram. 



B5. .Si 



,£2 



.E4 



Then 

D ~Q n*{D) - aiEi - 02-^2 - a^Es - a^E^ - a^Er, 
We have a line Li intersecting the fundamental cycle as following 



<{Li 



-El — -E2 



-Es — E4 — -Eq 



Since 4Li ~q —Kx we see that lct(X) < g and moreover we can assume that Li SuppD. 
Prom the inequalities 



< D ■ 


Li 


= 1 - 


0.1 


< El 


■D 


= 2ai 


- 03 


< E2 


■D 


= 2a2 


-as 


<E3 


■D 


= 203 


— 01 — 02 — 04 


< E4 


■D 


= 2a4 


- 03 - 05 


<E5 


■D 


= 205 


— 04 



03 < 2oi, 03 < 2o2, 04 < 03, 05 < 04 



we see that 
and 

3 5 5 

04 < 205, 03 < -04, 02 < -03, 01 < -03 . 

2 6 6 

In particular we get the following upper bounds 

5 

ai < 1, 02 < o' < 04 < 03 < 2 . 

The equivalence 

Kj^ + XD + XaiEi + Ao2£^2 + Xa^Es + A04-B4 + XasE^ ~q Tr*{Kx + XD) 
implies that there is a point Q G £?i U £^2 U £^3 U £^4 U such that the pair 
K-^ + XD + XaiEi + A02-B2 + A03E3 + A04-E4 + XubE^ 
is not log canonical at Q. 
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If the point Q G -Ei\£'3 then 

+ AZ) + AaiE'i 
is not log canonical at the point Q and so is the pair 

By adjunction {E\^ \D\e^ is not log canonical at Q and 

4 4 6 ~ (~ \ 

7 > -ron > 2ai - -ai > 2ai - 03 = • £^1 > multQliP ■ EA > 6 , 

000 V / 

which is contradiction. 

If Q G £^1 n £^3 then the log pair 

+ AL» + Aai^^i + Aa3£;3 

is not log canonical at the point Q and so is the log pair 

K^ + \b + Ex + XasEa . 

By adjunction it follows that 

2ai-a3 = b-Ei> multg (f'bi) = multg (^D ■ Ei^ > 6 - as . 

and this implies that 03 > 3, which is false. 
UQ eEs but Q ^EiUE2UE4^ then 

K^ + XD + XaaEs 

is not log canonical at the point Q and so is the pair 

Kj^ + Xb + £^3, since Aas < 1 . 

By adjunction {E3, XD\e.j) is not log canonical at Q and 

2a3 - Y - Y - ^03 > 203 - ai - 02 - 04 = L> • £^3 > multg (j) ■ E^ > 6 , 

implies that 03 > 18 which is false. 
li Q e Es n E4 then the log pair 

Kj^ + Xb + XasEa + Aa4£4 

is not log canonical at the point Q and so are the log pairs 

Kj^ + xb + E3 + Xa4E4 and K-^ + Xb + Xa^Es + £'4 . 

By adjunction it follows that 



and 
2a 



2a4 - 03 - 05 = £> • £^4 > multQ (J^\e4^ = multg (^b ■ £4^ > 6 - 03 
s — a2 — ai — a4 = b ■ Es > multg ^b\E3^ = multQ (^b ■ E^j > 6 — 04 . 



The last inequality implies that 03 > 6 which is false. 
Q e £4\(£3 n £'5) then the log pair 

K-^ + Xb + Xa^Ei 

is not log canonical at the point Q and so is the pair 

+ xb + E4 . 

By adjunction (£^4, XblE^) is not log canonical at Q and 

2a4 — 03 — 05 = £> • £^4 > multQ (^b\E^^ = multQ (^b ■ £^4^ > 6 
implies that 04 > 12 which is false. 
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Q G Er\Ei then the log pair 

K^ + \b + Xa^E^ 
is not log canonical at the point Q and so is the pair 

K^ + XD + E5 . 
By adjunction (E^, XD\e^) is not log canonical at Q and 

2a5-ai = D-E5> multg (^D\es^ = multg (^D ■ E^^ > 

implies that as > 6 which is false. 
Q € E/^n E^ then the log pair 

Kj^ + XD + Xa^E^ + Xa^E^ 
is not log canonical at the point Q and so is the log pair 

Kj^ + XD + E5 + Aa4-E4 . 
By adjunction it follows that 

2a5-a4 = D-E5> multg (^D\Er^ = multg (^D • ^5) > 6 
and we see then that ag > 3 which is not possible. 
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6. Tables of Global Log Canonical Thresholds 



Table 1. Del Pezzo surfaces of degree 1 and Pic(X) = Z 



Singularity Type 


lct(X) 


Eg 


1 

6 


Ey + Ai 


1 
4 


Ee + A2, Dg 


1 
3 


Ag, A7 + Ai, Be + 2Ai, D5 + A3, B4 + B4 

07 1' \J ' -1-7 ' 07 rt ' rt 


1 
2 


2A4 


4 
5 


A5 + A2 + Ai 


2 
3 


4A2 and 1 — Kx \ has no cuspidal curves 


1 


4A2 and 1 — Kx \ has a cuspidal curve, 

but no cuspidal curve C such that Sing(C) = A2 


5 
6 


4A2 and 1 — Kx has a cuspidal curve such that Sing(C) = A2 


2 
3 


2A3 + 2Ai and | — Kx \ has no cuspidal curves 


1 


2A3 + 2Ai and | — Kx \ has a cuspidal curve , 
but no cuspidal curve C such that Sing(C) = Ai 


5 
6 


2A3 + 2Ai and | — Kx | has a cuspidal curve with Sing(C) = Ai 


3 
4 
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Table 2. Del Pezzo surfaces of degree 2 and Pic(X) = Z 



Singularity Type 


lct(X) 


E7 


1 

6 


©6+Ai 


1 
4 




1 

3 


D4 + 3Ai 


1 
2 


A5 +A2 


1 

3 


2A3 + Ai 


1 

2 



Table 3. Del Pezzo surfaces of degree 3 and Pic(X) = Z 



Singularity Type 


lct{X) 




1 

6 


A5 +Ai 


1 

4 


3A2 


1 
3 
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Table 4. Del Pezzo surfaces of degree 4 and Pic(X) = Z 



Singularity Type 


lct(X) 


D5 


1 

6 


A3 + 2Ai 


1 
3 



Table 5. Del Pezzo surfaces of degree 5 and Pic(X) = Z 



Singularity Type 


lct(X) 


A4 


1 

6 



Table 6. Del Pezzo surfaces of degree 6 and Pic(X) = Z 



Singularity Type 


lct(X) 


A2 + A1 


1 

6 
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Table 7. Del Pezzo surfaces of degree 1 



Singularity Type 


lct(X) 


Eg 


1 

6 


E7, E7 + A1 


1 
4 


Ee, E6 + A2, Ee + Ai 


1 

3 




1 
3 




2 
5 


Be, B6 + 2A1, Be + Ai 


1 

2 


B5, B5 + A3, B5 + A2, B5 + 2Ai, D5 + Ai 


1 
2 


B4, B4 + B4, B4 + A3, B4 + A2, D4 + 4Ai, 
B4 + 3Ai, B4 + 2Ai, B4 + Ai 


1 
2 


As 


1 

2 


A7, A7 + A1 


1 
2 


A'7 


8 
15 


Ae, Ae + Ai 


2 
3 


A5, A5 + Ai, A5 + 2Ai, A5 + A2, A5 + A2 + Ai 


2 
3 
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Table 8. Del Pezzo surfaces of degree 1 



Singularity Type 


lci{X) 


A4, A4 + A4, A4 + A3 


4 
5 


A4 + A2 + Ai, A4 + 2Ai, A4 + A2, A4 + Ai 
If 1 — Kx 1 lias no cuspidal curve C such that 
Ai = Sing(C) or A2 = Sing(C) 


4 
5 


A4 + A2 + Ai, A4 + 2Ai, A4 + Ai 

If 1 — Kx\ has a cuspidal curve C such that Ai = Sing(C), 
but no cuspidal curve C such that A2 = Sing(C) 


3 
4 


A4 + A2 + A1, A4 + A2 

If 1 — Kx 1 has a cuspidal curve C such that A2 = Sing(C) 


2 
3 


A3, 2 A3 


1 


A3 + 4Ai, A3 + 3Ai, 2A3 + 2Ai, A3 + 2Ai, A3 + Ai 
A3 + A2, A3 + A2 + Ai, A3 + A2 + 2Ai 
If 1 — Kx 1 has no cuspidal curves 


1 


A3 + 4Ai, A3 + 3Ai, A3 + 2Ai, A3 + Ai, 

If 1 — Kx\ has a cuspidal curve such that Sing(C) = Ai, 

but no cuspidal curve C such that A2 = Sing(C) 


3 
4 


A3 + 4Ai, A3 + 3Ai, A3 + 2Ai, A3 + Ai, 
A3+A2, A3 + A2 + A1 

If 1 — Kx\ has cuspidal curves C, but Sing(C) 7^ Ai and Sing(C) 7^ A2 


5 

6 


A3+A2, A3 + A2 + A1 

If 1 — Kx\ has a cuspidal curve C such that Sing(C) = A2 


2 
3 
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5.13. Del Pezzo surfaces of degree 2 with exactly one A7 type singularity 

5.14. Del Pezzo surfaces of degree 6 with one A2 and one Ai type singularity 

5.15. Del Pezzo surfaces of degree 5 with exactly one A4 type singularity 

5.16. Del Pezzo surfaces of degree 4 with one A3 and two Ai type singularities 

5.17. Del Pezzo surfaces of degree 4 with one B5 type singularity. 101 

6. Tables of Global Log Canonical Thresholds 104 
References IIC 



109 



References 



[1] I. Cheltsov, Log canonical thresholds of del Pezzo surfaces, Geometric and Functioned Analysis, 11 (2008), 
1118-1144. 

[2] I. Cheltsov, On singular cubic surfaces, Asian Journal of Mathematics (to appear). 

[3] I. Cheltsov, C. Shramov, Log canonical thresholds of smooth Fano threefolds, Russian Mathematical Surveys, 
63 2008, 73-180. 

[4] .]-P. Dcinailly, J. Kollar, Semi- continuity of complex singularity exponents and Kdhler- Einstein metrics on 

Fano orbifolds, Ann. Sci. Ecole Noem. Sup. 34, no.4, (2001), 525-556. 
[5] W. Ding, G. Tian, Kdhler-Einstein metrics and the generalized Futaki invariant, Inventiones Mathematicae, 

110 (1992), 315-335. 

[6] J. Kollar, Singularities of pairs. Proceedings of Symposia in Pure Mathematics 62 (1997), 221-287. 
[7] J. Kollar ot al.. Flips and abundance for algebraic threefolds, Asterisque, 211 (1992). 

[8] A. Ghigi, J. Kollar, Kdhler-Einstein metrics on orbifolds and Einstein metrics on spheres Comment. Math. 

Helv. 82 no. 4 (2007), 877-902. 
[9] J. Kollar, S. Mori, Birational geometry of algebraic varieties, Cambridge University Press (1998). 
[10] A. Nadcl, Multiplier ideal sheaves and Kahler -Einstein metrics of positive scalar curvature, Annals of Math- 
ematics 132 (1990), 549-596. 
[11] J. Park, Birational maps of del Pezzo fibrations. Journal fur die Reine und Angewandte Mathematik 538 
(2001), 213-221. 

[12] J. Park, A Note on Del Pezzo Fibrations of Degree 1 Communications in Algebra, 31 Iss.l2 (2003), 5755 - 
5768. 

[13] Y. Shi, On the a-Invariants of Cubic Surfaces with Eckardt Points, arxiv:math. AG/0902. 3203 
[14] G. Tian, On Calabi's conjecture for complex surfaces with positive first Chem class, Inventiones Mathemat- 
icae 101 (1990). 101-172. 

[15] T. Urabe, On singularities on degenerate del Pezzo surfaces of degree 1, 2, Proceedings of Symposia in Pure 

Mathematics, 40 Part 2 (1983), 587-590. 
[16] D-Q. Zhang, Logarithmic del Pezzo surfaces of rank one with contractible boundaries, Osaka Journal of 

Mathematics, 25 no.2 (1988), 461-497. 



School of Mathematics 
The University of Edinburgh 
Kings Buildings, IVlayfield Road 
Edinburgh EH9 3JZ, UK 

D . KostaSsms .ed.ac.uk 



110 



